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Abstract 

 

In this paper, we set up the general operator , and then we find some of its operator 

identities that will be used to generalize some well-known -identities, such as Cauchy 

identity, Heine’s transformation formula and the -Pfaff-Saalschütz summation 

formula. By giving special values to the parameters in the obtained identities, some new 

results are achieved and/or others are recovered. 
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1. Introduction 
 

We adopt the following notations and terminology in [8]. We assume that 0 < 𝑞 < 1. The 

𝑞-shifted factorial is given by  

(𝑎; 𝑞)0 = 1,    (𝑎; 𝑞)𝑛 =∏

𝑛−1

𝑘=0

(1 − 𝑎𝑞𝑘),    (𝑎; 𝑞)∞ =∏

∞

𝑘=0

(1 − 𝑎𝑞𝑘). 

 and the multiple 𝑞-shifted factorials is given by  

(𝑎1, 𝑎2, … , 𝑎𝑟; 𝑞)𝑚 =  (𝑎1; 𝑞)𝑚(𝑎2; 𝑞)𝑚⋯(𝑎𝑟; 𝑞)𝑚. 

 where 𝑚 ∈ 𝑍 𝑜𝑟 ∞. 

 

     The basic hypergeometric series  𝑟𝜙𝑠 is defined as follows [8]:  

  𝑟𝜙𝑠 (

𝑎1, … , 𝑎𝑟
𝑏1, … , 𝑏𝑠 ; 𝑞, 𝑥) =∑

∞

𝑘=0

(𝑎1, … , 𝑎𝑟; 𝑞)𝑘
(𝑞, 𝑏1, … , 𝑏𝑠; 𝑞)𝑘

[(−1)𝑘𝑞
(
𝑘
2
)
]
1+𝑠−𝑟

𝑥𝑘 , 

where 𝑟, 𝑠 ∈ ℕ; 𝑎1, … , 𝑎𝑟 , 𝑏1, … , 𝑏𝑠 ∈ ℂ; and none of the denominator factors evaluate to zero. 

The above series is absolutely convergent for all 𝑥 ∈ ℂ if 𝑟 < 𝑠 + 1, for |𝑥| < 1 if 𝑟 = 𝑠 + 1 

and for 𝑥 = 0 if 𝑟 > 𝑠 + 1. 

   

 

     The 𝑞-binomial coefficient is presented as follows [8]:  

[
𝑛
𝑘
] = {

(𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑘 (𝑞; 𝑞)𝑛−𝑘

,  𝑖𝑓  0� ≤  𝑘� ≤  𝑛; 

0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 

 where 𝑛, 𝑘 are nonnegative integers. 

 

     In this paper, we will repeatedly use the following equations [8]:  

(𝑏; 𝑞)−𝑘 =
(−1)𝑘𝑞

(
𝑘
2
)
(𝑞/𝑏)𝑘

(𝑞/𝑏; 𝑞)𝑘
   .                                                          (1.1) 

(𝑏; 𝑞)𝑛−𝑘 =
(𝑏; 𝑞)𝑛

(𝑞1−𝑛/𝑏; 𝑞)𝑘
  (−1)𝑘𝑞

(
𝑘
2
)−𝑛𝑘

  (
𝑞

𝑏
)𝑘   .                            (1.2) 

    

     (𝑞−𝑛; 𝑞)𝑘 =
(𝑞; 𝑞)𝑛
(𝑞; 𝑞)𝑛−𝑘

  (−1)𝑘  𝑞
(
𝑘
2
)−𝑛𝑘

  .                                            (1.3) 

                         (𝑏𝑞−𝑛; 𝑞)∞ = (−1)
𝑛  𝑏𝑛  𝑞

−(
𝑛+1
2
)
  (𝑞/𝑏; 𝑞)𝑛  (𝑏; 𝑞)∞  .                  (1.4) 

   

     The Cauchy identity is given by:    

                                        ∑

∞

𝑛=0

(𝑎; 𝑞)𝑛
(𝑞; 𝑞)𝑛

  𝑥𝑛 =
(𝑎𝑥; 𝑞)∞
(𝑥; 𝑞)∞

,    |𝑥| < 1.                                          (1.5) 
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The special case of the Cauchy identity (1.5), given by Euler, is [8]  

    ∑

∞

𝑛=0

(−1)𝑛𝑞
(
𝑛
2
)

(𝑞; 𝑞)𝑛
𝑥𝑛 = (𝑥; 𝑞)∞.                                                    (1.6) 

     

     𝑞-Chu-Vandermonde’s identities are [8]        

 2𝜙1 (
𝑞−𝑛, 𝑏
𝑐 ; 𝑞, 𝑐𝑞𝑛/𝑏) =

(𝑐/𝑏; 𝑞)𝑛
(𝑐; 𝑞)𝑛

,        |𝑐/𝑏| < 1.                                    (1.7) 

                                  2𝜙1 (
𝑞−𝑛, 𝑏
𝑐 ; 𝑞, 𝑞) =

(𝑐/𝑏; 𝑞)𝑛
(𝑐; 𝑞)𝑛

 𝑏𝑛.                                                         (1.8) 

     The 𝑞-Pfaff-Saalschütz sum is given by [8]  

 3𝜙2 (
𝑞−𝑛, 𝑎, 𝑏

𝑐, 𝑞1−𝑛𝑎𝑏/𝑐; 𝑞, 𝑞) =
(𝑐/𝑎, 𝑐/𝑏; 𝑞)𝑛
(𝑐, 𝑐/𝑎𝑏; 𝑞)𝑛

.                                           (1.9) 

     The 𝑞-Gauss summation formula is given by [8]  

 2𝜙1 (
𝑎, 𝑏
𝑐 ; 𝑞, 𝑐/𝑎𝑏) =

(𝑐/𝑎, 𝑐/𝑏; 𝑞)∞
(𝑐, 𝑐/𝑎𝑏; 𝑞)∞

,    |
𝑐

𝑎𝑏
| < 1.                                  (1.10) 

      

Heine’s transformation formula is given by [8]  

 2𝜙1 (
𝑎, 𝑏
𝑐, ; 𝑞, 𝑧) =

(𝑐/𝑏, 𝑧𝑏; 𝑞)∞
(𝑐, 𝑧; 𝑞)∞

  2𝜙1 (
𝑎𝑏𝑧/𝑐, 𝑏
      𝑧𝑏 ; 𝑞,

𝑐

𝑏
),                            (1.11) 

where max{|𝑥|, |𝑐/𝑏|} < 1. 

 

     The transformation formula [8, Appendix III, equation (III.9)] is given by:  

 3𝜙2 (
𝑎, 𝑏, 𝑐
𝑑, 𝑒 ; 𝑞, 𝑑𝑒/𝑎𝑏𝑐) =

(𝑒/𝑎, 𝑑𝑒/𝑏𝑐; 𝑞)∞
(𝑒, 𝑑𝑒/𝑎𝑏𝑐; 𝑞)∞

  3𝜙2 (
𝑎, 𝑑/𝑏, 𝑑/𝑐
𝑑, 𝑑𝑒/𝑏𝑐 ; 𝑞, e/a).           (1.12) 

 

Definition 1.1 ([2], [3], [10]). The 𝐷𝑞 operator or the 𝑞-derivative is defined as follows:  

𝐷𝑞{𝑓(𝑎)} =
𝑓(𝑎) − 𝑓(𝑎𝑞)

𝑎
.                                                   (1.13) 

  

Theorem 1.2 ([2], [10]). 𝐹𝑜𝑟  𝑛 ≥ �0, we have  

                                      𝐷𝑞
𝑛{𝑓(𝑎)𝑔(𝑎)} = ∑

𝑛

𝑘=0

[
𝑛
𝑘
] 𝑞𝑘(𝑘−𝑛)𝐷𝑞

𝑘{𝑓(𝑎)}𝐷𝑞
𝑛−𝑘{𝑔(𝑎𝑞𝑘)}.                  (1.14) 

  

Theorem 1.3 ([2], [16]). Let 𝐷𝑞 be defined as in (1.13), then  
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𝐷𝑞
𝑘 {
(𝑎𝑣; 𝑞)∞
(𝑎𝑡; 𝑞)∞

} = 𝑡𝑘(𝑣/𝑡; 𝑞)𝑘
(𝑎𝑣𝑞𝑘; 𝑞)∞
(𝑎𝑡; 𝑞)∞

,    |𝑎𝑡| < 1.                       (1.15) 

  

     In 2010, Fang [5] defined the finite operator as follows:  

Definition 1.4 [5]. The 𝑞-exponential operator   1𝛷0 (
𝑞−𝑀

− ;𝑞, 𝑐𝐷𝑞) is defined by:                                       

                                                      1Φ0 (
𝑞−𝑀

− ; 𝑞, 𝑐𝐷𝑞) = ∑

𝑀

𝑘=0

(𝑞−𝑀; 𝑞)𝑘
(𝑞; 𝑞)𝑘

(𝑐𝐷𝑞)
𝑘.                            (1.16) 

     Fang used the 𝑞-exponential operator   1Φ0 (
𝑞−𝑀

− ; 𝑞, 𝑐𝐷𝑞) to prove the following result:  

Theorem 1.5 [5]. Let   1𝛷0 (
𝑞−𝑀

− ; 𝑞, 𝑐𝐷𝑞) be defined as in (1.16), then 

   3𝜙2(

𝑞−𝑀,
𝑐1
𝑑2
, 𝑥𝑑1

𝑐𝑑1𝑞
−𝑀, 𝑥𝑐1

; 𝑞, 𝑐𝑑2)                                                                                                                           

            =
(𝑐𝑑2, 𝑞)𝑀
(𝑐𝑑1, 𝑞)𝑀

(
𝑑2
𝑑1
)𝑀  3𝜙2(

𝑞−𝑀,
𝑐1
𝑑1
, 𝑥𝑑2

𝑐𝑑2𝑞
−𝑀, 𝑥𝑐1

; 𝑞, 𝑐𝑑1).                                                                        

     In 2010, Zhang and Yang [15] constructed the finite 𝑞-Exponential Operator 

 2ℰ1 [
𝑞−𝑁 , 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞] with two parameters as follows: 

Definition 1.6 [15]. The finite 𝑞-Exponential Operator  2ℰ1 [
𝑞−𝑁, 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞] is defined by  

                           2ℰ1 [
𝑞−𝑁, 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞] = ∑

𝑁

𝑛=0

(𝑞−𝑁, 𝑤; 𝑞)𝑛
(𝑞, 𝑣; 𝑞)𝑛

(𝑐𝐷𝑞)
𝑛.                                     (1.18) 

     Zhang and Yang used the operator  2ℰ1 [
𝑞−𝑁, 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞] to get a generalization of 

𝑞-Chu-Vandermond formula (1.8) as follows:  

 

Theorem 1.7 [15]. Let  2ℰ1 [
𝑞−𝑁 , 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞] be defined as in (1.18), then         

 ∑

𝑛

𝑚=0

∑

𝑁

𝑘=0

(𝑞−𝑛, 𝑎; 𝑞)𝑚
(𝑞, 𝑐; 𝑞)𝑚

  
(𝑞−𝑁, 𝑤; 𝑞)𝑘
(𝑞, 𝑣; 𝑞)𝑘

  𝑐𝑘  𝑞𝑚+𝑚𝑘                                                           

                     = 𝑎𝑛𝑤𝑁
(𝑐/𝑎; 𝑞)𝑛
(𝑐; 𝑞)𝑛

  
(𝑣/𝑤; 𝑞)𝑁
(𝑣; 𝑞)𝑁

  4𝜙2

(

 
 
𝑞−𝑁, 𝑤,

𝑞1−𝑛

𝑐
,
𝑎𝑞

𝑐
𝑎𝑞1−𝑛

𝑐
,
𝑤𝑞1−𝑁

𝑣

; 𝑞,
𝑐

𝑣

)

 
 
.                           (1.19) 
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Also, by using the operator  2ℰ1 [
𝑞−𝑁 , 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞], they obtained the following result:  

  2𝜙1 (
𝑞−𝑁 , 𝑤
𝑣 ; 𝑞, 𝑐) = 𝑤𝑁

(𝑣/𝑤; 𝑞)𝑁
(𝑣; 𝑞)𝑁

  3𝜙1

(

 
 
𝑞−𝑁 , 𝑤,

𝑞

𝑐
𝑤𝑞1−𝑁

𝑣

; 𝑞,
𝑐

𝑣

)

 
 
                  (1.20) 

     In 2016, Li-Tan [9] constructed the generalized 𝑞-exponential operator 𝕋 [
𝑢, 𝑣
𝑤
|𝑞; 𝑐𝐷𝑞] with 

three parameters as follows:  

Definition 1.8 [9]. The generalized 𝑞-exponential operator 𝕋 [
𝑢, 𝑣
𝑤
|𝑞; 𝑐𝐷𝑞] is defined by  

𝕋 [
𝑢, 𝑣
𝑤
|𝑞; 𝑐𝐷𝑞] = ∑

∞

𝑛=0

(𝑢, 𝑣; 𝑞)𝑛
(𝑞, 𝑤; 𝑞)𝑛

(𝑐𝐷𝑞)
𝑛.                                         (1.21) 

     Li and Tan used the generalized 𝑞-exponential operator 𝕋 [
𝑢, 𝑣
𝑤
|𝑞; 𝑐𝐷𝑞] to get a 

generalization for 𝑞-Chu-Vandermonde sum (1.8), as follows:  

 

Theorem 1.9 [9]. Let 𝕋 [
𝑢, 𝑣
𝑤
|𝑞; 𝑐𝐷𝑞] be defined as in (1.21), then  

∑

𝑛

𝑘=0

(𝑞−𝑛, 𝑥; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

 𝑞𝑘  2𝜙1 [
𝑢, 𝑣
𝑤 ; 𝑞, 𝑡𝑞𝑘]                                                                             

                      = 𝑥𝑛
(𝑐/𝑥; 𝑞)𝑛
(𝑐; 𝑞)𝑛

∑

𝑖,𝑘≥0

(𝑢, 𝑣; 𝑞)𝑖+𝑘
(𝑞; 𝑞)𝑖(𝑤; 𝑞)𝑖+𝑘

(𝑞1−𝑛/𝑐, 𝑞𝑥/𝑐; 𝑞)𝑘
(𝑞, 𝑞1−𝑛𝑥/𝑐; 𝑞)𝑘

 𝑡𝑖+𝑘(
𝑞
𝑐⁄ )
𝑖
.            (1.22) 

     The Cauchy polynomials 𝑃𝑛(𝑥, 𝑦) is defined by [7]  

         𝑃𝑛(𝑥, 𝑦) = {
(𝑥 − 𝑦)(𝑥 − 𝑞𝑦)(𝑥 − 𝑞2𝑦)⋯ (𝑥 − 𝑞𝑛−1𝑦),  𝑖𝑓  𝑛 > 0; 
1,  𝑖𝑓  𝑛 = 0.

              (1.23)  

 In 1983, Goulden and Jackson [7] gave the following identity:  

𝑃𝑛(𝑥, 𝑦) = ∑

𝑛

𝑘=0

[
𝑛
𝑘
] (−1)𝑘𝑞

(
𝑘
2
)
𝑦𝑘𝑥𝑛−𝑘. 

 The generating function for Cauchy polynomials 𝑃𝑛(𝑥, 𝑦) [1] is  

∑

∞

𝑘=0

𝑃𝑛(𝑥, 𝑦)
𝑡𝑛

(𝑞; 𝑞)𝑛
=
(𝑦𝑡; 𝑞)∞
(𝑥𝑡; 𝑞)∞

,    |𝑥𝑡| < 1.                                     (1.24) 

      

     In 2003, Chen et al [1] introduced the bivariate Rogers-Szegö polynomials ℎ𝑛(𝑥, 𝑦|𝑞) as:  

ℎ𝑛(𝑥, 𝑦|𝑞) = ∑[
𝑛
𝑘
]

𝑛

𝑘=0

𝑃𝑘(𝑥, 𝑦), 

where 𝑃𝑘(𝑥, 𝑦) is defined as in (1.23). In 2010, Saad and Sukhi [11] gave another formula for the 

bivariate Rogers-Szegö polynomials ℎ𝑛(𝑥, 𝑦|𝑞) as:  

ℎ𝑛(𝑥, 𝑦|𝑞) = ∑

𝑛

𝑘=0

[
𝑛
𝑘
] (𝑦; 𝑞)𝑘 𝑥

𝑛−𝑘. 

The generating function for the bivariate Rogers-Szegö polynomials ℎ𝑛(𝑥, 𝑦|𝑞) is [1]  
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      ∑

∞

𝑘=0

ℎ𝑛(𝑥, 𝑦|𝑞)
𝑡𝑛

(𝑞; 𝑞)𝑛
=
(𝑦𝑡; 𝑞)∞
(𝑡, 𝑥𝑡; 𝑞)∞

,    max{|𝑡|, |𝑥𝑡|} < 1.                           (1.25) 

  

     The generalized Al-Salam–Carlitz 𝑞-polynomials 𝜙𝑛
(𝑎,𝑏)

(𝑥, 𝑦) was introduced in 2020 by 

Srivastava and Arjika [14] as  

𝜙𝑛
(𝑎,𝑏)

(𝑥, 𝑦) = ∑

𝑛

𝑘=0

[
𝑛
𝑘
]
(𝑎1, 𝑎2, … , 𝑎𝑠+1; 𝑞)𝑘
(𝑏1, 𝑏2, … , 𝑏𝑠; 𝑞)𝑘

 𝑥𝑘   𝑦𝑛−𝑘, 

 which has the following generating function:  

∑

∞

𝑛=0

𝜙𝑛
(𝑎,𝑏)(𝑥, 𝑦) 

𝑡𝑛

(𝑞; 𝑞)𝑛
=  

1

(𝑦𝑡; 𝑞)∞
  𝑠+1𝜙𝑠 (

𝑎1, 𝑎2, … , 𝑎𝑠+1
𝑏1, 𝑏2, … , 𝑏𝑠 ; 𝑞, 𝑥𝑡),                (1.26) 

  

 where max{|𝑥𝑡|, |𝑦𝑡|} < 1. 

 

     The paper is organized as follows. In section 2, we built the general operator 

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞). We also provide some operator identities, which will be used in section 

3. In section 3, we generalize some well-known 𝑞-identities, such as Cauchy identity, Heine’s 

transformation formula and the q-Pfaff-Saalschütz summation formula. Then, in these 

generalizations, we may assign the parameters unique values, we get several results.  

 

2. The General Operator 𝒓𝚽𝒔 and its Identities 

In this section, we establish the general operator   𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞). We also give some 

identities to this operator, which will be used in the next section.  

 

Definition 2.1  We define the generalized 𝑞-operator 𝑟𝛷𝑠 as follows: 

 

                         𝑟Φ𝑠 (

𝑎1,⋯ , 𝑎𝑟
𝑏1,⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) = ∑

∞

𝑛=0

𝑊𝑛
(𝑞; 𝑞)𝑛

[(−1)𝑛𝑞
(
𝑛
2
)
]
1+𝑠−𝑟

 (𝑐𝐷𝑞)
𝑛
,                    (2.1) 

 

where 𝑊𝑛 =
(𝑎1,⋯,𝑎𝑟;𝑞)𝑛

(𝑏1,…,𝑏𝑠;𝑞)𝑛
.  

     Some special values may be given to the general 𝑞-operator  𝑟Φ𝑠 to obtain several 

previously specified operators, as follows:   

 

• Setting 𝑟 = 1, 𝑠 = 0, 𝑎1 = 0 and 𝑐 = 𝑏, we get on the exponential operator 𝑇(𝑏𝐷𝑞)                                                  

defined by Chen and Liu [2] in 1997.  

• If 𝑟 = 1, 𝑠 = 0 and 𝑎1 = 𝑏, we get on the Cauchy operator   1Φ0 (
𝑏
− ; 𝑞, 𝑐𝐷𝑞) which 

was defined by Fang[4] in 2008.  
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• If 𝑟 = 1, 𝑠 = 0 and 𝑎1 = 𝑞
−𝑀, we get on the finite operator   1Φ0 (

𝑞−𝑀

− ;𝑞, 𝑐𝐷𝑞)            

described by Fang[5] in 2010.  

 

• If 𝑟 = 2, 𝑠 = 1 ,𝑎1 = 𝑞
−𝑁, 𝑎2 = 𝑤 and 𝑏1 = 𝑣, we get on the finite exponential operator 

 2ℰ1 [
𝑞−𝑁 , 𝑤
𝑣

; 𝑞, 𝑐𝐷𝑞] with two parameters specified by Zhang and Yang[15] in 2010.  

     

• If 𝑟 = 𝑠 = 0, we get on the 𝑞-exponential operator 𝑅(𝑏𝐷𝑞) which is defined by Saad and 

Sukhi [12] in 2013.  

     

• Setting 𝑟 = 𝑠 + 1, we get the generalized 𝑞-operator 𝐹(𝑎0, … , 𝑎𝑠; 𝑏1, … , 𝑏𝑠; 𝑐𝐷𝑞)  

described by Fang [6] in 2014 and the homogeneous 𝑞-difference operator 𝕋(𝑎, 𝑏, 𝑐𝐷𝑞) 

specified by Srivastava and Arjika [14] in 2020.  

    

• If 𝑟 = 2, 𝑠 = 1 ,𝑎1 = 𝑢, 𝑎2 = 𝑣 and 𝑏1 = 𝑤, we get on the generalized exponential 

operator 𝕋 [
𝑢, 𝑣
𝑤
|𝑞; 𝑐𝐷𝑞] with three parameters constructed by Li and Tan [9] in 2016.  

       

• Setting 𝑟 = 3, 𝑠 = 2, 𝑎1 = 𝑎, 𝑎2 = 𝑏, 𝑎3 = 𝑐, 𝑏1 = 𝑑, 𝑏2 = 𝑒 and 𝑐 = 𝑓, we get the 

operator 𝜙(
𝑎, 𝑏, 𝑐
𝑑, 𝑒 ; 𝑞, 𝑓𝐷𝑞) with five parameters defined by Saad and Jaber [13] in 2020.  

     The following operator identities will be derived using 𝑞-Leibniz formula (1.14):  

Theorem 2.2 Let  𝑟𝛷𝑠 (

𝑎1, … , 𝑎𝑟
𝑏1, … , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣, 𝑎𝑢; 𝑞)∞
(𝑎𝑡, 𝑎𝑤; 𝑞)∞

} =
(𝑎𝑣, 𝑎𝑢; 𝑞)∞
(𝑎𝑡, 𝑎𝑤; 𝑞)∞

                                                                    

    ×∑

∞

𝑛=0

∑

∞

𝑘=0

𝑊𝑛+𝑘
(𝑞; 𝑞)𝑛

(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘
(𝑞, 𝑎𝑣; 𝑞)𝑘

(𝑢/𝑤; 𝑞)𝑛
(𝑎𝑢; 𝑞)𝑛+𝑘

[(−1)𝑛+𝑘𝑞
(
𝑛+𝑘
2
)
]
1+𝑠−𝑟

(𝑐𝑤)𝑛 (𝑐𝑡)𝑘, (2.2) 

 

provided that max{|𝑎𝑡|, |𝑎𝑤|} < 1.  

  

Proof.  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣, 𝑎𝑢; 𝑞)∞
(𝑎𝑡, 𝑎𝑤; 𝑞)∞

}                                                                                                           

  = ∑

∞

𝑛=0

𝑊𝑛
(𝑞; 𝑞)𝑛

[(−1)𝑛𝑞
(
𝑛
2
)
]
1+𝑠−𝑟

𝑐𝑛𝐷𝑞
𝑛 {
(𝑎𝑣; 𝑞)∞
(𝑎𝑡; 𝑞)∞

(𝑎𝑢; 𝑞)∞
(𝑎𝑤; 𝑞)∞

}         (𝑏𝑦  𝑢𝑠𝑖𝑛𝑔  (2.1))                   

  = ∑

∞

𝑛=0

𝑊𝑛
(𝑞; 𝑞)𝑛

[(−1)𝑛𝑞
(
𝑛
2
)
]
1+𝑠−𝑟

𝑐𝑛                                                                                                           
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      ×∑

𝑛

𝑘=0

[
𝑛
𝑘
] 𝑞𝑘

2−𝑛𝑘𝐷𝑞
𝑘 {
(𝑎𝑣; 𝑞)∞
(𝑎𝑡; 𝑞)∞

} 𝐷𝑞
𝑛−𝑘 {

(𝑎𝑢; 𝑞)∞
(𝑎𝑤; 𝑞)∞

}          (𝑏𝑦  𝑢𝑠𝑖𝑛𝑔  (1.14))                          

  = ∑

∞

𝑛=0

∑

𝑛

𝑘=0

𝑊𝑛
(𝑞; 𝑞)𝑛

[(−1)𝑛𝑞
(
𝑛
2
)
]
1+𝑠−𝑟

𝑐𝑛 [
𝑛
𝑘
] 𝑞𝑘

2−𝑛𝑘                                                                                 

                    

× 𝑡𝑘
(𝑣/𝑡; 𝑞)𝑘(𝑎𝑣𝑞

𝑘; 𝑞)∞
(𝑎𝑡; 𝑞)∞

(𝑤𝑞𝑘)
𝑛−𝑘 (𝑢/𝑤; 𝑞)𝑛−𝑘(𝑎𝑢𝑞

𝑛; 𝑞)∞
(𝑎𝑤𝑞𝑘; 𝑞)∞

        (𝑏𝑦  𝑢𝑠𝑖𝑛𝑔  (1.15))    (2.3)  

  =
(𝑎𝑣, 𝑎𝑢; 𝑞)∞
(𝑎𝑡, 𝑎𝑤; 𝑞)∞

∑

∞

𝑛=0

∑

∞

𝑘=0

𝑊𝑛+𝑘
(𝑞; 𝑞)𝑛

(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘
(𝑞, 𝑎𝑣; 𝑞)𝑘

(𝑢/𝑤; 𝑞)𝑛
(𝑎𝑢; 𝑞)𝑛+𝑘

[(−1)𝑛+𝑘𝑞
(
𝑛+𝑘
2
)
]
1+𝑠−𝑟

(𝑐𝑤)𝑛 (𝑐𝑡)𝑘. 

  

     Setting 𝑢 = 0 in equation (2.2), we get the following corollary:  

Corollary 2.2.1 Let  𝑟𝛷𝑠 (

𝑎1, … , 𝑎𝑟
𝑏1, … , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) {

(𝑎𝑣; 𝑞)∞
(𝑎𝑡, 𝑎𝑤; 𝑞)∞

} =
(𝑎𝑣; 𝑞)∞

(𝑎𝑡, 𝑎𝑤; 𝑞)∞
∑

∞

𝑘=0

∑

∞

𝑛=0

𝑊𝑛+𝑘
(𝑞; 𝑞)𝑛

(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘
(𝑞, 𝑎𝑣; 𝑞)𝑘

 

     × [(−1)𝑛+𝑘𝑞
(
𝑛+𝑘
2
)
]
1+𝑠−𝑟

 (𝑐𝑤)𝑛 (𝑐𝑡)𝑘, (2.4) 

 where max{|𝑎𝑡|, |𝑎𝑤|} < 1.  

 

 

     In view of symmetry of 𝑡 and 𝑤 on the left hand side of equation (2.4), we get the following 

formula:  

 

Theorem 2.3   

∑

𝑛,𝑘≥0

𝑊𝑛+𝑘
(𝑞; 𝑞)𝑛

[(−1)𝑛+𝑘𝑞
(
𝑛+𝑘
2
)
]
1+𝑠−𝑟

 
(𝑣/𝑡, 𝑎𝑤; 𝑞)𝑘
(𝑞, 𝑎𝑣; 𝑞)𝑘

(𝑐𝑤)𝑛 (𝑐𝑡)𝑘                                       

                  = ∑

𝑛,𝑘≥0

𝑊𝑛+𝑘
(𝑞; 𝑞)𝑛

[(−1)𝑛+𝑘𝑞
(
𝑛+𝑘
2
)
]
1+𝑠−𝑟

 
(𝑣/𝑤, 𝑎𝑡; 𝑞)𝑘
(𝑞, 𝑎𝑣; 𝑞)𝑘

(𝑐𝑡)𝑛 (𝑐𝑤)𝑘  .                         (2.5) 

   

    • If 𝑟 = 1, 𝑠 = 0 in equation (2.5) and then using (1.5), we get Hall’s transformation (1.12). 

 

 • If 𝑟 = 1, 𝑠 = 0 and 𝑎1 = 𝑞
−𝑁 in equation (2.5), then using equations (1.4) and (1.5), we get  

Theorem 3.5. obtained by Fang [5] (equation (1.17)).  

 

Theorem 2.4 Let  𝑟𝛷𝑠 (

𝑎1, … , 𝑎𝑟
𝑏1, … , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) {𝑎

𝑛
(𝑎𝑥; 𝑞)∞
(𝑎𝑦; 𝑞)∞

} = 𝑎𝑛
(𝑎𝑥; 𝑞)∞
(𝑎𝑦; 𝑞)∞

                                                                  



Basrah Journal of Science                           Vol. 39(1), 20-36, 2021 

 

28 

  

                      This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

(http://creativecommons.org/licenses/by-nc/4.0/). 

      × ∑

∞

𝑖,𝑗=0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖

(𝑥/𝑦; 𝑞)𝑖
(𝑎𝑥𝑞𝑗; 𝑞)𝑖

(𝑎𝑦; 𝑞)𝑗

(𝑎𝑥; 𝑞)𝑗
[(−1)𝑖+𝑗𝑞

(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

[
𝑛
𝑗 ] (𝑐𝑦)

𝑖(
𝑐

𝑎
)𝑗,    |𝑎𝑦| < 1.      (2.6) 

  

Proof.  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) {𝑎

𝑛
(𝑎𝑥; 𝑞)∞
(𝑎𝑦; 𝑞)∞

}                                                                                     

  = ∑

∞

𝑖=0

𝑊𝑖
(𝑞; 𝑞)𝑖

[(−1)𝑖𝑞
(
𝑖
2
)
]
1+𝑠−𝑟

  𝑐𝑖   𝐷𝑞
𝑖 {𝑎𝑛

(𝑎𝑥; 𝑞)∞
(𝑎𝑦; 𝑞)∞

}         (𝑏𝑦  𝑢𝑠𝑖𝑛𝑔  (2.1))  

  = ∑

∞

𝑖=0

𝑊𝑖
(𝑞; 𝑞)𝑖

× [(−1)𝑖𝑞
(
𝑖
2
)
]
1+𝑠−𝑟

  𝑐𝑖                                                                          

      ×∑

𝑖

𝑗=0

𝑞𝑗
2−𝑖𝑗 [

𝑖
𝑗
] 𝐷𝑞

𝑗
  𝑎𝑛𝐷𝑞

𝑖−𝑗
{
(𝑎𝑥𝑞𝑗; 𝑞)∞
(𝑎𝑦𝑞𝑗; 𝑞)∞

}         (𝑏𝑦  𝑢𝑠𝑖𝑛𝑔  (1.14))               

    = ∑

∞

𝑗=0

∑

∞

𝑖=𝑗

𝑊𝑖  𝑐
𝑖

(𝑞; 𝑞)𝑖−𝑗
[(−1)𝑖𝑞

(
𝑖
2
)
]
1+𝑠−𝑟

𝑞𝑗
2−𝑖𝑗 [

𝑛
𝑗 ]  𝑎

𝑛−𝑗𝐷𝑞
𝑖−𝑗
{
(𝑎𝑥𝑞𝑗; 𝑞)∞
(𝑎𝑦𝑞𝑗; 𝑞)∞

}           

   = ∑

∞

𝑗=0

∑

∞

𝑖=0

𝑊𝑖+𝑗  𝑐
𝑖+𝑗

(𝑞; 𝑞)𝑖
[(−1)𝑖+𝑗𝑞

(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

𝑞−𝑖𝑗 [
𝑛
𝑗 ] 𝑎

𝑛−𝑗                                       

               × 𝐷𝑞
𝑖 {
(𝑎𝑥𝑞𝑗;𝑞)∞

(𝑎𝑦𝑞𝑗;𝑞)∞
}                                                      

  = ∑

∞

𝑗=0

∑

∞

𝑖=0

𝑊𝑖+𝑗  𝑐
𝑖+𝑗

(𝑞; 𝑞)𝑖
[(−1)𝑖+𝑗𝑞

(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

[
𝑛
𝑗 ] 𝑎

𝑛−𝑗   𝑦𝑖 {
(𝑥/𝑦; 𝑞)𝑖  (𝑎𝑥𝑞

𝑖+𝑗; 𝑞)∞
(𝑎𝑦𝑞𝑗; 𝑞)∞

} 

    = 𝑎𝑛
(𝑎𝑥; 𝑞)∞
(𝑎𝑦; 𝑞)∞

∑

∞

𝑖,𝑗=0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖

(𝑥/𝑦; 𝑞)𝑖
(𝑎𝑥𝑞𝑗; 𝑞)𝑖

(𝑎𝑦; 𝑞)𝑗

(𝑎𝑥; 𝑞)𝑗
[(−1)𝑖+𝑗𝑞

(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

[
𝑛
𝑗 ] (𝑐𝑦)

𝑖(
𝑐

𝑎
)𝑗 

  

     Setting 𝑥 = 0 in equation (2.6), we get the following corollary: 

 

Corollary 2 Let  𝑟𝛷𝑠 (

𝑎1, … , 𝑎𝑟
𝑏1, … , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) be defined as in (2.1), then  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) {

𝑎𝑛

(𝑎𝑦; 𝑞)∞
}                                                                                                            

  =
𝑎𝑛

(𝑎𝑦; 𝑞)∞
∑

∞

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
[(−1)𝑖+𝑗𝑞

(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

  (𝑐𝑦)𝑖  (𝑎𝑦; 𝑞)𝑗  [
𝑛
𝑗 ] (
𝑐

𝑎
)𝑗,    |𝑎𝑦| < 1.    (2.7) 

  

3. Applications in 𝒒-Identities 
 

In this section, we aim to generalize some well-known 𝑞-identities such as Cauchy identity, 
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Heine’s transformation of   2𝜙1 series and 𝑞-Pfaff-Saalschütz sum by using the general operator 

 𝑟Φ𝑠 . Then, some special results are obtained from these generalizations, some new ones and 

others are known.  

 

3.1  Generalization of Cauchy Identity 
  

Theorem 3.1 (Generalization of Cauchy identity). Let Cauchy identity be defined as in (1.5), then  

∑

∞

𝑘=0

(𝑎; 𝑞)𝑘
(𝑞; 𝑞)𝑘

  𝑥𝑘   ∑

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖

(𝑏/𝑐; 𝑞)𝑖
(𝑥𝑏; 𝑞)𝑖+𝑗

[(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

(𝑥𝑐; 𝑞)𝑗 [
𝑘
𝑗
] (𝑑𝑐)𝑖(

𝑑

𝑥
)𝑗 

             =
(𝑥𝑎; 𝑞)∞
(𝑥; 𝑞)∞

  ∑

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖

(𝑏/𝑐; 𝑞)𝑖
(𝑥𝑏; 𝑞)𝑖+𝑗

[(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟 (𝑎, 𝑥𝑐; 𝑞)𝑗

(𝑞, 𝑥𝑎; 𝑞)𝑗
(𝑑𝑐)𝑖𝑑𝑗   .         (3.1)  

 

Proof. Multiply Cauchy identity Error! Reference source not found. by 
(𝑥𝑏;𝑞)∞

(𝑥𝑐;𝑞)∞
,  

∑

∞

𝑘=0

(𝑎; 𝑞)𝑘
(𝑞; 𝑞)𝑘

  𝑥𝑘
(𝑥𝑏; 𝑞)∞
(𝑥𝑐; 𝑞)∞

=
(𝑎𝑥, 𝑥𝑏; 𝑞)∞
(𝑥, 𝑥𝑐; 𝑞)∞

.                                         (3.2) 

Applying the operator   𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) on both sides of (3.2), we get 

∑

∞

𝑘=0

(𝑎; 𝑞)𝑘
(𝑞; 𝑞)𝑘

  𝑟Φ𝑠 (

𝑎1,⋯ , 𝑎𝑟
𝑏1,⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {𝑥

𝑘
(𝑥𝑏; 𝑞)∞
(𝑥𝑐; 𝑞)∞

} 

                                             =   𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑥, 𝑥𝑏; 𝑞)∞
(𝑥, 𝑥𝑐; 𝑞)∞

}  .                                       (3.3) 

  

 By using (2.4), we get  

∑

∞

𝑘=0

(𝑎; 𝑞)𝑘
(𝑞; 𝑞)𝑘

  𝑟Φ𝑠 (

𝑎1,⋯ , 𝑎𝑟
𝑏1,⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {𝑥

𝑘
(𝑥𝑏; 𝑞)∞
(𝑥𝑐; 𝑞)∞

}    

= 𝑥𝑘   
(𝑥𝑏; 𝑞)∞
(𝑥𝑐; 𝑞)∞

∑

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖

(𝑏/𝑐; 𝑞)𝑖
(𝑥𝑏; 𝑞)𝑖+𝑗

[(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

(𝑥𝑐; 𝑞)𝑗 [
𝑘
𝑗
] (𝑑𝑐)𝑖(

𝑑

𝑥
)𝑗     (3.4) 

  

and using (2.2), we get  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑥, 𝑥𝑏; 𝑞)∞
(𝑥, 𝑥𝑐; 𝑞)∞

}                                    

            =
(𝑥𝑎; 𝑞)∞
(𝑥; 𝑞)∞

  ∑

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖

(𝑏/𝑐; 𝑞)𝑖
(𝑥𝑏; 𝑞)𝑖+𝑗

[(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟 (𝑎, 𝑥𝑐; 𝑞)𝑗

(𝑞, 𝑥𝑎; 𝑞)𝑗
(𝑑𝑐)𝑖𝑑𝑗   .           (3.5) 

 

Substituting (3.4) and (3.5) into (3.3) the proof completed.  

     • If 𝑑 = 0 in equation (3.1), we obtain Cauchy identity.  
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     • If 𝑏 = 0 and then 𝑐 = 0 in equation (3.1), we obtain the following formula:  

Corollary 3.1.3   

∑

∞

𝑘=0

(𝑎; 𝑞)𝑘
(𝑞; 𝑞)𝑘

∑

∞

𝑗=0

𝑊𝑗 [
𝑘
𝑗
] [(−1)𝑗𝑞

(
𝑗
2
)
]
1+𝑠−𝑟

𝑑𝑗𝑥𝑘−𝑗          

  =
(𝑥𝑎; 𝑞)∞
(𝑥; 𝑞)∞

  ∑

∞

𝑗=0

𝑊𝑗

(𝑞; 𝑞)𝑗

(𝑎; 𝑞)𝑗

(𝑥𝑎; 𝑞)𝑗
[(−1)𝑗𝑞

(
𝑗
2
)
]
1+𝑠−𝑟

𝑑𝑗   .                   (3.6) 

  

• If 𝑟 = 𝑠 = 0, 𝑎 = 0, 𝑥 → 𝑥𝑡 and 𝑑 → 𝑦𝑡 in equation (3.6), we get the generating function 

for Cauchy polynomials 𝑃𝑘(𝑥, 𝑦) (1.26). 

 

• If 𝑟 = 1, 𝑠 = 0 and 𝑎 = 0 then replacing 𝑥, 𝑎1, 𝑑 by 𝑥𝑡, 𝑦, 𝑡 respectively, in equation 

(3.6), we get on the generating function for bivariate Rogers-Szegö polynomials ℎ𝑘(𝑥, 𝑦|𝑞) 
(1.25). 

 

• If 𝑟 = 𝑠 + 1, 𝑎 = 0, 𝑥 → 𝑦𝑡 and then 𝑑 → 𝑥𝑡 in equation (3.6), we get the generating    

function for the generalized Al-Salam–Carlitz 𝑞-polynomials 𝜙𝑛
(𝑎,𝑏)

(𝑥, 𝑦) (1.26). 

 

  

3.2  Generalization of Heine’s Transformation of   𝟐𝝓𝟏 Series 
  

Theorem 3.2 (Generalization of Heine’s transformation of   2ϕ1 series). Let Heine’s identity be 

defined as in (1.11), then  

∑

∞

𝑘=0

(𝑎, 𝑏; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

𝑧𝑘 ∑

𝑛,𝑖≥0

𝑊𝑛+𝑖
(𝑞; 𝑞)𝑛

  [
𝑘
𝑖
] (𝑧𝑏𝑞𝑘; 𝑞)𝑖   [(−1)

𝑛+𝑖𝑞
(
𝑛+𝑖
2
)
]
1+𝑠−𝑟

(𝑑𝑏𝑞𝑘)𝑛(𝑑/𝑧)𝑖 

  =
(𝑐/𝑏, 𝑧𝑏; 𝑞)∞
(𝑐, 𝑧; 𝑞)∞

∑

∞

𝑘=0

(𝑎𝑏𝑧/𝑐, 𝑏; 𝑞)𝑘
(𝑞, 𝑧𝑏; 𝑞)𝑘

(𝑐/𝑏)𝑘  ∑

𝑛,𝑖≥0

𝑊𝑛+𝑖
(𝑞; 𝑞)𝑛

(𝑞−𝑘, 𝑧; 𝑞)𝑖
(𝑞, 𝑎𝑏𝑧/𝑐; 𝑞)𝑖

                  

           × [(−1)𝑛+𝑖𝑞
(
𝑛+𝑖
2
)
]
1+𝑠−𝑟

𝑑𝑛  (𝑑𝑎𝑏𝑞𝑘/𝑐)𝑖. (3.7) 

   

Proof.  Rewrite Heine’s formula as follows.  

∑

∞

𝑘=0

(𝑎, 𝑏; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

  
𝑧𝑘

(𝑧𝑏𝑞𝑘; 𝑞)∞
=
(𝑐/𝑏; 𝑞)∞
(𝑐; 𝑞)∞

∑

∞

𝑘=0

(𝑏; 𝑞)𝑘
(𝑞; 𝑞)𝑘

  (𝑐/𝑏)𝑘
(𝑎𝑏𝑧/𝑐; 𝑞)∞
(𝑧𝑏𝑞𝑘, 𝑧; 𝑞)∞

  .            (3.8) 

  

 Applying the general operator   𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) to both sides of the equation (3.8) 

gives:  

∑

∞

𝑘=0

(𝑎, 𝑏; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

𝑧𝑘

(𝑧𝑏𝑞𝑘; 𝑞)∞
}                                                                
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=
(𝑐/𝑏; 𝑞)∞
(𝑐; 𝑞)∞

∑

∞

𝑘=0

(𝑏; 𝑞)𝑘
(𝑞; 𝑞)𝑘

  (𝑐/𝑏)𝑘  𝑟Φ𝑠 (

𝑎1,⋯ , 𝑎𝑟
𝑏1,⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑏𝑧/𝑐; 𝑞)𝑘
(𝑧𝑏𝑞𝑘, 𝑧; 𝑞)𝑘

}  .               (3.9) 

 Using (2.7), we get  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

𝑧𝑘

(𝑧𝑏𝑞𝑘; 𝑞)∞
}                                                                                                

       =
𝑧𝑘

(𝑧𝑏𝑞𝑘; 𝑞)∞
∑

𝑛,𝑖≥0

𝑊𝑛+𝑖
(𝑞; 𝑞)𝑛

 [
𝑘
𝑖
] (𝑧𝑏𝑞𝑘; 𝑞)𝑖 [(−1)

𝑛+𝑖𝑞
(
𝑛+𝑖
2
)
]
1+𝑠−𝑟

(𝑑𝑏𝑞𝑘)𝑛(
𝑑

𝑧
)𝑖  .          (3.10) 

 

and using (2.4), we get  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑏𝑧/𝑐; 𝑞)𝑘
(𝑧𝑏𝑞𝑘, 𝑧; 𝑞)𝑘

}                    

=
(𝑎𝑏𝑧/𝑐; 𝑞)𝑘
(𝑧𝑏𝑞𝑘, 𝑧; 𝑞)𝑘

∑

𝑛,𝑖≥0

𝑊𝑛+𝑖
(𝑞; 𝑞)𝑛

  
(𝑞−𝑘, 𝑧; 𝑞)𝑖
(𝑞, 𝑎𝑏𝑧/𝑐; 𝑞)𝑖

[(−1)𝑛+𝑖𝑞
(
𝑛+𝑖
2
)
]
1+𝑠−𝑟

𝑑𝑛(
𝑑𝑎𝑏

𝑐
𝑞𝑘)𝑖  .    (3.11) 

Substituting (3.10) and (3.11) in equation (3.9) the proof is completed .  

   

• If 𝑟 = 𝑠 + 1, 𝑎 = 0, 𝑧 → 𝑦𝑡, 𝑑 → 𝑥𝑡, 𝑐 → 𝑐𝑏 and then 𝑏 = 0 in equation (3.7), we get 

the generating function for the generalized Al-Salam–Carlitz 𝑞-polynomials 𝜙𝑛
(𝑎,𝑏)(𝑥, 𝑦) 

(1.26). 

 

      • If 𝑟 = 1, 𝑠 = 0 in equation (3.7), we get the following identity:  

 

Corollary 3.2.4  

∑

∞

𝑘=0

(𝑎, 𝑏, 𝑑𝑏; 𝑞)𝑘
(𝑞, 𝑐, 𝑎1𝑑𝑏; 𝑞)𝑘

  𝑧𝑘  3𝜙1 (
𝑞−𝑘, 𝑎1, 𝑧𝑏𝑞

𝑘

𝑎1𝑑𝑏𝑞
𝑘 ; 𝑞, 𝑑𝑞𝑘/𝑧)                                                                   

=
(𝑎1𝑑, 𝑑𝑏, 𝑐/𝑏, 𝑧𝑏; 𝑞)∞
(𝑑, 𝑎1𝑑𝑏, 𝑐, 𝑧; 𝑞)∞

∑

∞

𝑘=0

(𝑎𝑏𝑧/𝑐, 𝑏; 𝑞)𝑘
(𝑞, 𝑧𝑏; 𝑞)𝑘

  (𝑐/𝑏)𝑘  3𝜙2 (
𝑞−𝑘, 𝑎1, 𝑧
𝑎𝑏𝑧/𝑐, 𝑎1𝑑; 𝑞, 𝑑𝑎𝑏𝑞

𝑘/𝑐). 

  

3.3  Generalization of 𝒒-Pfaff-Saalschütz Sum 
  

Theorem 3.3 (Generalization of 𝑞-Pfaff-Saalschütz sum). Let 𝑞-Pfaff-Saalschütz sum be defined 

as in (1.9), then  

∑

𝑛

𝑘=0

(𝑞−𝑛, 𝑎, 𝑏; 𝑞)𝑘
(𝑞, 𝑐, 𝑎𝑏𝑞1−𝑛/𝑐; 𝑞)𝑘

  𝑞𝑘 ∑

∞

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  

(𝑞−𝑛+𝑘; 𝑞)𝑖
(𝑎𝑏𝑞1−𝑛+𝑘/𝑐; 𝑞)𝑖+𝑗

  
(𝑦𝑞−𝑘, 𝑎𝑏𝑞/𝑐; 𝑞)𝑗

(𝑞, 𝑎𝑦; 𝑞)𝑗
 

    × [(−1)𝑖+𝑗𝑞
𝑖+𝑗

2 ]

1+𝑠−𝑟

  (𝑑𝑏𝑞/𝑐)𝑖(𝑑𝑞𝑘)𝑗                                                             
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=
(𝑐/𝑎, 𝑐/𝑏; 𝑞)𝑛
(𝑐, 𝑐/𝑎𝑏; 𝑞)𝑛

  ∑

∞

𝑖=0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  
(𝑦𝑐/𝑞; 𝑞)𝑖
(𝑎𝑦; 𝑞)𝑖+𝑗

(𝑞1−𝑛/𝑐, 𝑎𝑞/𝑐; 𝑞)𝑗

(𝑎𝑞1−𝑛/𝑐; 𝑞)𝑗
                               

         × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

(𝑑𝑞/𝑐)𝑖𝑑𝑗   . (3.12) 

  

Proof. Multiplaying 𝑞-Saalschütz identity (1.9) by (𝑎𝑦; 𝑞)∞, we have  

∑

∞

𝑘=0

(𝑞−𝑛, 𝑏; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

𝑞𝑘
(𝑎𝑦, 𝑎𝑏𝑞1−𝑛+𝑘/𝑐; 𝑞)∞
(𝑎𝑞𝑘, 𝑎𝑏𝑞/𝑐; 𝑞)∞

=
𝑏𝑛(𝑐/𝑏; 𝑞)𝑛
(𝑐, ; 𝑞)𝑛

(𝑎𝑞1−𝑛/𝑐, 𝑎𝑦; 𝑞)∞
(𝑎, 𝑎𝑞/𝑐; 𝑞)∞

.          (3.13) 

Applying the general operator   𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) to both sides of equation (3.13) gives:  

∑

𝑛

𝑘=0

(𝑞−𝑛; 𝑞)𝑘𝑞
𝑘

(𝑞, 𝑐; 𝑞)𝑘
  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑦, 𝑎𝑏𝑞1−𝑛+𝑘/𝑐; 𝑞)∞
(𝑎𝑞𝑘, 𝑎𝑏𝑞/𝑐; 𝑞)∞

} 

=
(−𝑐)𝑛𝑞

(
𝑛
2
)

(𝑐; 𝑞)𝑛
  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑞1−𝑛/𝑐, 𝑎𝑦; 𝑞)∞
(𝑎, 𝑎𝑞/𝑐; 𝑞)∞

}                  (3.14) 

 Using (2.2), we get  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑦, 𝑎𝑏𝑞1−𝑛+𝑘/𝑐; 𝑞)∞
(𝑎𝑞𝑘, 𝑎𝑏𝑞/𝑐; 𝑞)∞

}                                                             

=
(𝑎𝑦, 𝑎𝑏𝑞1−𝑛+𝑘/𝑐; 𝑞)∞
(𝑎𝑞𝑘, 𝑎𝑏𝑞/𝑐; 𝑞)∞

∑

∞

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  

(𝑞−𝑛+𝑘; 𝑞)𝑖
(𝑎𝑏𝑞1−𝑛+𝑘/𝑐; 𝑞)𝑖+𝑗

(𝑦𝑞−𝑘, 𝑎𝑏𝑞/𝑐; 𝑞)𝑗

(𝑞, 𝑎𝑦; 𝑞)𝑗
 

          × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

  (𝑑𝑏𝑞/𝑐)𝑖(𝑑𝑞𝑘)𝑗.                                                               (3.15)  

  𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑𝐷𝑞) {

(𝑎𝑞1−𝑛/𝑐, 𝑎𝑦; 𝑞)∞
(𝑎, 𝑎𝑞/𝑐; 𝑞)∞

}                                                   

=
(𝑎𝑞1−𝑛/𝑐, 𝑎𝑦; 𝑞)∞
(𝑎, 𝑎𝑞/𝑐; 𝑞)∞

∑

∞

𝑖=0

∑

∞

𝑗=0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  
(𝑦𝑐/𝑞; 𝑞)𝑖
(𝑎𝑦; 𝑞)𝑖+𝑗

(𝑞−𝑛; 𝑞)𝑗

(𝑎𝑞1−𝑛/𝑐; 𝑞)𝑗
 

                     × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

  (𝑑𝑞/𝑐)𝑖(𝑑)𝑗.                                                           (3.16)  

 Substituting (3.15) and (3.16) in equation (3.14), the proof is completed.  

   

  • If 𝑛 = ∞ in equation (3.12), we get a generalization for 𝑞-Gauss sum (1.10) as follows:  

 

Corollary 3.3.5 (Generalization of 𝑞-Gauss sum). Let 𝑞-Gauss sum be defined as in (1.10),     

then  

∑

∞

𝑘=0

(𝑎, 𝑏; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

  (𝑐/𝑎𝑏)𝑘  𝑟𝜙𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑑/𝑎) 
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                         =
(𝑐/𝑎, 𝑐/𝑏; 𝑞)∞
(𝑐, 𝑐/𝑎𝑏; 𝑞)∞

  ∑

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  
(𝑦𝑐/𝑞; 𝑞)𝑖
(𝑎𝑦; 𝑞)𝑖+𝑗

  
(𝑎𝑞/𝑐; 𝑞)𝑗

(𝑞; 𝑞)𝑗
 

              × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

  (𝑑𝑞/𝑐)𝑖(𝑑/𝑎)𝑗  . 

  

• If 𝑏 = ∞ in equation (3.12), we get a generalization for 𝑞-Chu-Vandermonde sum (1.7) as 

follows:  

Corollary 3.3.6 (Generalization to 𝑞-Chu-Vandermonde sum(1.7)). Let 𝑞-Chu-Vandermonde 

sum be defined as in (1.7), then  

∑

𝑛

𝑘=0

(𝑞−𝑛, 𝑎; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

 (c𝑞𝑛/a)𝑘   ∑

𝑖,𝑗≥0

𝑊𝑖+𝑗
(𝑞−𝑛+𝑘; 𝑞)𝑖
(𝑞; 𝑞)𝑖

(𝑦𝑞−𝑘; 𝑞)𝑗

(𝑞, 𝑎𝑦; 𝑞)𝑗
 

                        × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

(−1)𝑖𝑞
(
𝑖
2
)
(
𝑑𝑞𝑛

𝑎𝑞𝑘+𝑗
)𝑖(𝑑𝑞𝑛)𝑗  

=
(𝑐/𝑎; 𝑞)𝑛
(𝑐; 𝑞)𝑛

∑

∞

𝑖=0

∑

∞

𝑖,𝑗≥0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  
(𝑦𝑐/𝑞; 𝑞)𝑖
(𝑎𝑦; 𝑞)𝑖+𝑗

  
(𝑞1−𝑛/𝑐, 𝑎𝑞/𝑐; 𝑞)𝑗

(𝑞, 𝑎𝑞1−𝑛/𝑐; 𝑞)𝑗
 

    × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

  (𝑑𝑞/𝑐)𝑖(𝑑)𝑗  .                              

  

• If 𝑏 = 0 in equation (3.12), we get a generalization for 𝑞-Chu-Vandermonde sum (1.8) as 

follows:  

 

Corollary 3.3.7 (Generalization to 𝑞-Chu-Vandermonde sum (1.8)). Let 𝑞-Chu-Vandermonde 

sum be defined as in (1.8), then  

∑

𝑛

𝑘=0

(𝑞−𝑛, 𝑎; 𝑞)𝑘
(𝑞, 𝑐; 𝑞)𝑘

  𝑞𝑘  𝑟+1𝜙𝑠+1(
𝑎1, ⋯ , 𝑎𝑟 , 𝑦𝑞

−𝑘

𝑏1, ⋯ , 𝑏𝑠, 𝑎𝑦 ; 𝑞, 𝑑𝑞𝑘)                            

=
(𝑐/𝑎; 𝑞)𝑛
(𝑐; 𝑞)𝑛

  𝑎𝑛∑

∞

𝑖=0

∑

∞

𝑗=0

𝑊𝑖+𝑗

(𝑞; 𝑞)𝑖
  
(𝑦𝑐/𝑞; 𝑞)𝑖
(𝑎𝑦; 𝑞)𝑖+𝑗

  
(𝑞1−𝑛/𝑐, 𝑎𝑞/𝑐; 𝑞)𝑗

(𝑞, 𝑎𝑞1−𝑛/𝑐; 𝑞)𝑗
 

                     × [(−1)𝑖+𝑗𝑞
(
𝑖+𝑗
2
)
]
1+𝑠−𝑟

(𝑑𝑞/𝑐)𝑖𝑑𝑗   . (3.17) 

  

• If 𝑟 = 𝑠 = 0 and 𝑦 = 0 in equation (3.17) then using (1.6), we get the following identity:  

 

Corollary 3.3.8  

  3𝜙2 (
𝑞−𝑛, 𝑎, 0
𝑐, 𝑑 ; 𝑞, 𝑞) =

(𝑑𝑞/𝑐; 𝑞)∞
(𝑑; 𝑞)∞

(𝑐/𝑎; 𝑞)𝑛
(𝑐; 𝑞)𝑛

 𝑎𝑛  2𝜙2 (
𝑞1−𝑛/𝑐, 𝑎𝑞/𝑐

𝑎𝑞1−𝑛/𝑐, 𝑑𝑞/𝑐; 𝑞, 𝑑) 

  

• If  𝑟 = 2, 𝑠 = 1 and 𝑦 = 0 in equation (3.17), we get Theorem 17 obtained by Li and Tan 

[9] (equation (1.22)). 

  



Basrah Journal of Science                           Vol. 39(1), 20-36, 2021 

 

34 

  

                      This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

(http://creativecommons.org/licenses/by-nc/4.0/). 

• If 𝑟 = 2, 𝑠 = 1, 𝑦 = 0 and setting 𝑎1 = 𝑞
−𝑁 in equation ??, then using equations (1.1) 

and (1.7), we get Theorem 3.1 obtained by Zhang and Yang [15] (equation (1.19)).  

     

• If 𝑟 = 2, 𝑠 = 1, 𝑦 = 0, 𝑎1 = 𝑞
−𝑁 and 𝑎 = 1 in equation (3.17), we get Corollary 3.2 

obtained by Fang [5] (equation (1.20)).  

 

 

Conclusions 
 

1. Many operators can be obtained by assigning some special values to the generalized 

q-operator   𝑟Φ𝑠 (

𝑎1, ⋯ , 𝑎𝑟
𝑏1, ⋯ , 𝑏𝑠 ; 𝑞, 𝑐𝐷𝑞) 

2. We generalized some well-known q-identities, such as Cauchy identity, Heine's 

transformation formula and the q-Pfaff-Saalsch�̈�tz summation formula. 
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 q-في المتطابقات 𝒓𝚽𝒔 المؤثر  تطبيقات 

 

 حسن حميل حسن           حسام لوتي سعد

 

 ،  العلوم ، جامعة البصرةات ، كلية قسم الرياضي 

 البصرة ، العراق 

 

 

 : خلصالمست

 

المعروفة ،  q-متطابقاتالتي سيتم استخدامها لتعميم بعض  متطابقاتهبعض وجدنا ، ثم  𝑟Φ𝑠  العامالمؤثر ، أنشأنا ا البحثفي هذ

المتطابقات  من خلال إعطاء قيم خاصة للمعلمات في  .سلشوتس -بفافجمع صيغة كوشي ، وصيغة تحويل هاين ، ومتطابقة مثل 

 البعض الآخر.اعادة برهان وتم او/بعض النتائج الجديدة الحصول على تم ليها ، لنا عالتي حص

 

 


