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Let 𝑅 be a ring. A right R-module is called nil-injective if for any 

element 𝜔 is belong to the set of nilpotent elements, and any right R-

homomorphism can be extended to  𝑅 → 𝑀. If 𝑅𝑅 is nil-injective, then 

 𝑅 is called a right nil-injective ring. A right R-module is called Wnil-

injective if for each non-zero nilpotent  element 𝜔 of 𝑅, there exists a 

positive integer 𝑛 such that 𝜔𝑛 ≠ 0  that  right R-homomorphism 

𝑓:𝜔𝑛𝑅 → 𝑀 can be extended to 𝑅 → 𝑀. If 𝑅𝑅 is right Wnil-injective, 

then 𝑅 is called a right Wnil-injective ring. In the present work, we 

discuss some characterizations and properties of right nil-injective and 

Wnil-injective rings.  
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1. Introduction 

In this article, 𝑅 is an associative ring with identity, and All R-modules are unital. We denote 

𝑟𝑅 (𝜔) and 𝑙𝑅 (𝜔) to the right annihilator and the left annihilator of 𝜔, respectively. The set of 

nilpotent elements, the set of unit elements, the set of right singular elements and the Jacobson 

radical of 𝑅 are denoted by 𝑁(𝑅), 𝑈(𝑅), 𝑍( 𝑅𝑅), and  𝐽(𝑅), respectively.  Also, by ℤ𝑛  and ℤ, we 

mean the set of integers modulo 𝑛 and integer numbers, respectively. In addition, an R-module 𝑀 

is called p-injective if for any principal right ideal 𝐼 of 𝑅 and any right R-homomorphism  𝑔: 𝐼 →

𝑀, there exists Υ ∈ 𝑀 such that 𝑔(𝜐) = 𝜐Υ, for all 𝜐 in 𝐼, which was first introduced by Ming in 

[9]. In [10] also, Yue Chi Ming generalized p-injective, which is np-injective. A right R-module 

𝑀 is called right np-injective if for any 𝜔 ∉ 𝑁(𝑅) and any R-homomorphism 𝑓:𝜔𝑅 →  𝑀 can be 

extended to  𝑅 →  𝑀, or equivalently, for any 𝜔 ∉ 𝑁(𝑅) and any R-homomorphism 𝑓:𝜔𝑅 → 𝑀, 

there exists 𝑚 ∈ 𝑀 such that 𝑓(𝑥) = 𝑚Υ, for all Υ ∈ 𝜔𝑅. So, the ring 𝑅 is called right np-injective 

if 𝑅𝑅  is np-injective. Wei and Chen defined weakly np-injective in [7]. A right R-module 𝑀 is 

called weakly np-injective if for any 𝜔 ∉ 𝑁(𝑅), there exists a positive integer 𝑛 such that 𝜔𝑛  ≠ 0 

and any right R-homomorphism 𝑓: 𝜔𝑛 𝑅 → 𝑀 can be extended to  𝑅 → 𝑀. Or equivalently, for 

any 𝜔 ∉ 𝑁(𝑅), there exists a positive integer 𝑛 such that 𝜔𝑛 ≠ 0 and any R-homomorphism 

𝑓:𝜔𝑛 𝑅 →  𝑀 there exists 𝑚 ∈ 𝑀 such that 𝑓(𝑥) = 𝑚Υ, for all Υ ∈ 𝜔𝑛𝑅. If 𝑅𝑅  is weakly np-

injective, then 𝑅  is a right weakly np-injective ring. It is easy to check that every right np-injective 

module is right weakly np-injective. Wei and Chen [6] generalized p-injective to nil-injective. 

They have defined that a right R-module 𝑀 is called nil-injective, if for any 𝜔 ∈ 𝑁(𝑅) and any R-

homomorphism 𝑓 ∶ 𝜔𝑅 → 𝑀 can be extended to 𝑓: 𝑅 → 𝑀, or equivalently, for any 𝜔 ∈ 𝑁(𝑅) 

and any R-homomorphism 𝑓 ∶ 𝜔𝑅 → 𝑀 there exists 𝑚 ∈ 𝑀 such that 𝑓(𝑥) = 𝑚Υ, for all Υ ∈ 𝜔𝑅. 

So, the ring 𝑅 is called right nil-injective if  𝑅𝑅 is nil-injective. A right R-module 𝑀 is called Wnil-

injective if for any  0 ≠ 𝜔 ∈ 𝑁(𝑅), there exists a positive integer 𝑛 such that  𝜔𝑛 ≠ 0 and any 

right R-homomorphism 𝑓: 𝑎𝑛𝑅 → 𝑀 can be extended to 𝑅 → 𝑀. Or equivalently, for any 𝜔 ∈

𝑁(𝑅), there exists a positive integer 𝑛 such that  𝜔𝑛 ≠ 0 and any R-homomorphism 𝑓: 𝑎𝑛𝑅 → 𝑀 

there exists 𝑚 ∈ 𝑀 such that 𝑓(𝑥) = 𝑚Υ for all Υ ∈ 𝜔𝑛 𝑅 [6].  A ring 𝑅 is called semiprimitive 

ring if 𝐽(𝑅) = 0 [1]. We found that if 𝑅 is right continuous ring and RR/J(R) is nil injective ring, 

then 𝑅 is semiprimitive. In the matrix ring, If Mn(𝑅) is a right Wnil-injective ring, for some n ≥

2, then 𝑅 is a right nil-injective ring. 

http://creativecommons.org/licenses/by-nc/4.0/
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2. Nil-Injective Rings 

In this section, we consider some examples and primary results about nil-injective. Wei and Chen 

[6]  are poved that a ring 𝑅 is a right nil-injective if and only if  𝑙𝑅(𝑟𝑅(𝜔)) = 𝑅𝜔, for every 𝜔 ∈

𝑁(𝑅). We found some non-tivial examples of nil-injective rings via those theorem. Recall that if 

the ring of scalars 𝑅 is commutative, then for all 𝜅 ∈ 𝑅 and 𝜇 ∈ 𝑀, we have 𝜅𝜇 = 𝜇𝜅. Let 𝑅 be a 

ring and 𝑀 a bimodule over R. The trivial extension of 𝑅 and 𝑀 is 𝑅 ∝ 𝑀 = {(𝜅, 𝜇): 𝜅 ∈ 𝑅, 𝜇 ∈ 𝑀} 

with addition defined componentwise and multiplication defined by (𝜅, 𝜇)(𝜈, 𝜒) = (𝜅𝜈, 𝜅𝜒 + 𝜇𝜈) 

[5]. So, we obtain that for any 𝜅 ∈ 𝑁(𝑅), for (𝜅, 𝜇) ∈ 𝑆′ = 𝑅 ∝ 𝑀, there exist 𝑛 ∈ ℤ+ such that 

𝜅𝑛 = 0, then (𝜅, 𝜇)𝑛+1 = (𝜅𝑛+1, (𝑛 + 1)𝜅𝑛𝜇) = (0,0), for every 𝜅 ∈ 𝑁(𝑅) and for every 𝜇 ∈ 𝑀. 

Thus, the set of nilpotent elements in 𝑅 ∝ 𝑀 is given by: 𝑁(𝑅 ∝ 𝑀) = {(𝜅, 𝜇)|𝜅 ∈ 𝑁(𝑅) 𝑎𝑛𝑑 𝜇 ∈

𝑀}. In addition, we found some examples which are not p-injective rings but they are nil-injective 

rings:  

Example 2.1 Let S = R ∝ M = ℤ ∝ ℤ4 = {(𝜅, 𝜇)|κ ∈ ℤ and μ ∈ ℤ4} be a ring with addition 

defined componentwise and multiplication defined by (𝜅, 𝜇)(𝜈, 𝜒) = (𝜅𝜈, 𝜅𝜒 + 𝜇𝜈). Now, N(S) =

{(0,0), (0,1), (0,2), (0,3)}. Firstly, lS(rS((0,0))) = {(0,0)} = S(0,0) and lS(rS((0,1))) =

{(0, μ)|μ ∈ ℤ4} = S(0,1). Secondly, rS((0,2)) = {(𝜅, 𝜇)|κ ∈< 2 >  and 𝜇 ∈ ℤ4}. So, 

lS(rS((0,2))) = {(0,2μ)|μ ∈ ℤ4} = S(0,2). Thirdly, rS((0,3)) = {(κ, 𝜇)|κ ∈< 2 >  and 𝜇 ∈ ℤ4}. 

So, lS(rS((0,3))) = {(0, μ)|μ ∈ ℤ4} = S(0,3). Thus, S is right nil-injective ring. But, S is not right 

p-injective ring because (2,0) ∈ S. Then, rS((2,0)) = {(0,2μ)|μ ∈ ℤ4}. So, lS(rS((2,0))) =

{(κ, μ)|κ ∈< 2 >  and 𝜇 ∈ ℤ4}, but S(2,0) = {(κ, 2𝜇)|κ ∈< 2 >  and 𝜇 ∈ ℤ4}. Thus, 

lS(rS((2,0))) ≠ S(2,0). Hence, S is not right p-injective ring.  

Example 2.2 Let S = ℤ⊕ ℤ4 = {(κ, μ)|κ ∈ ℤ and μ ∈ ℤ4}  be an external direct sum of ℤ and ℤ4 

with standard addition and multiplication. Since N(S) = {(0,0), (0,2)}. Firstly, lS(rS((0,0))) =

{(0,0)} = S(0,0). Secondly, rS((0,2)) = {(κ, μ)|(0,2)(κ, μ) = (0,0), κ ∈ ℤ and μ ∈ ℤ4} =

{(κ, μ)|, κ ∈ ℤ and μ ∈ rℤ4(2)}. Then,  lS(rS((0,2))) = {(0, β)|β ∈ 〈2〉4} = S(0,2). Thus, S is 

right nil-injective ring. But, S is not right p-injective ring because (3,0) ∈ S. Then, rS((3,0)) =

{(0, μ)|μ ∈ ℤ4}. So, lS(rS((3,0))) = {(κ, 0)|κ ∈ ℤ}, but S(3,0) = {(3κ, 0)|κ ∈ ℤ}. Thus, 

lS(rS((3,0))) ≠ S(3,0). Hence, S is not right p-injective ring.  
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Proposition 2.3  If  S = R ∝ M = ℤ ∝ ℤn. Then, 𝑆𝑆 is right nil-injective ring.  

Proof.  Let  S = ℤ ∝ ℤn = {(𝜅, 𝜇̅)|κ ∈ ℤ and μ̅ ∈ ℤn}. Then, N(S) = {(0, μ̅)| μ̅ ∈ ℤn} . So, 

rS((0, μ̅)) = {(0, μ̅)(𝑥, 𝑦̅) = (0, 0̅)|x ∈ ℤ and y̅ ∈ ℤn} = {(x, y̅)|μ̅x = 0̅, x ∈ ℤ and μ̅ ∈ ℤn} 

                                = {(𝑚𝑝, y̅) ∈ S| where n = pμ, for all m ∈ ℤ and for some μ, n, p ∈ ℤ}.  

We have two cases for  find lS(rS((0, μ̅))). Firstly, if μ̅ is non-zero divisor, then μ̅ is unit. There is 

nothig to prove. Secondly, if μ̅ is zero divisor, lS(rS((0, μ̅))) = {(a, b̅)|(a, b̅)(mp, y̅) =

(0, 0̅)|where n = pμ, for all (mp, y̅) ∈ S, for all m ∈ ℤ and for some μ, n, p ∈ ℤ} =

{(a, b̅)|(𝑎mp, b̅mp + 𝑎y̅) = (0, 0̅) | for all (mp, y̅) ∈ S} = {(0, tμ̅)||for all t ∈ ℤ }. So, 𝑆(0, μ̅) =

{(𝑥, 𝑦̅)(0, μ̅)|for all (𝑥, 𝑦̅) ∈ S} = {(0, xμ̅)|for all x ∈ ℤ }. Therefore, lS(rS((0, μ̅))) = 𝑆(0, μ̅), for 

all μ̅ ∈ ℤn. Thus, S is right nil-injective ring.  

Proposition 2.4 Let  S = ℤ⊕ ℤn and ℤn has non-zero nilpotent element. Then, 𝑆 is right nil-

injective  if rℤn(p̅) = p̅ℤn, for each  p̅ ∈ N(ℤn).  

Proof. Suppose that S = ℤ⊕ ℤn = {(a, b̅)|a ∈ ℤ  and  b̅ ∈ ℤn} is a ring with addition defined and 

multiplication defined by (a, b̅)(c, d̅) = (ac, b̅d̅). It is clear that N(S) = {(0, p̅)|p̅ ∈ N(ℤn)}. We 

obtain that, rS((0, p̅)) = {(x, y̅)|p̅y̅ = 0, 𝑥 ∈ ℤ  and y̅ ∈ ℤn} = {(x, y̅)|𝑥 ∈ ℤ and y̅ ∈ rℤn(p̅) }. 

Since  rℤn(p̅) = p̅ℤn, then lS (rS((0, p̅))) = {(α, β̅)|(α, β̅)(x, y̅) = (0, 0̅), for all 𝑥 ∈ ℤ and y̅ ∈

rℤn(p̅) } = {(0, β̅)| β̅ ∈ p̅ℤn }. So, S(0, p̅) = {(x, y̅)(0, p̅)| for all (x, y̅) ∈ S} =

{(0, y̅p̅)| for all y̅ ∈ ℤn} = {(0, β̅)| β̅ ∈ p̅ℤn }. Therefore,  lS (rS((0, p̅))) = S(0, p̅) for each non-

zero nilpotent element p̅ ∈ N(ℤn). Hence, 𝑆 is right nil-injective ring. 

Proposition 2.5 Let R be a local right nil-injective ring. Then for any non-zero (two-sided) ideals 

κR and νR of R, κR ∩ νR ≠ 0, for any κ, ν ∈ N(R).  

 Proof. Suppose that 𝜅𝑅 ∩ 𝜈𝑅 = 0 and define the map 𝑓: (𝜅 + 𝜈)𝑅 → 𝑅 by 𝑓[(𝜅 + 𝜈)𝜒] = 𝜈𝜒 for 

𝑘 ∈ 𝑅. Let (𝜅 + 𝜈)𝜒 = (𝜅 + 𝜈)𝜒′ for 𝜒, 𝜒′ ∈ 𝑅. So 𝜅(𝜒 − 𝜒′) = 𝜈(𝜒′ − 𝜒) = 0, yielding 𝜈𝜒′ =

𝜈𝜒. Thus, 𝑓 is well-defined. Since 𝑅 is right nil-injective, then 𝑓 can be extended on 𝑅. Therefore, 

𝑓[(𝜅 + 𝜈)] = (𝜅 + 𝜈)ω, for some 𝜔 ∈ 𝑅. Thus, 𝑏 = (𝜅 + 𝜈)𝜔. Since 𝑅 local, then by 

[Proposition 7.2.11.,[6]] either 𝜔 or 1 − 𝜔 is a unit, but 0 = 𝜅𝜔 = 𝜈(1 − 𝜔) ∈ 𝜅𝑅 ∩ 𝜈𝑅 = {0}. 

Thus, 𝜅 = 0 or 𝜈 = 0, a contradiction. Hence, 𝜅𝑅 ∩ 𝜈𝑅 ≠ 0, for any 𝜅, 𝜈 ∈ 𝑁(𝑅). 
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Proposition 2.6  Let RR be a right nil-injective ring. Let 𝜅, 𝜈 ∈ N(R):  

  (1) If 𝜅𝑅 ≅ 𝜈𝑅 and an idempotent 𝜚 generates 𝜈R. Then there exists an idempotent  𝜗 ∈ 𝑅 such 

that 𝜅 = 𝑅𝜗, 𝑟𝑅(𝜗) = 𝑟𝑅(𝜅) and 𝑅𝜅 is a direct summand of 𝑅. 

(2) If 𝜅𝑅 and 𝜈𝑅 are generated by two idempotent elements with 𝜅R ∩ νR = 0, then there exists 

an idempotent 𝛿 such that 𝜅R⊕ νR = δR.  

Proof.  (1) Suppose that 𝜈𝑅 = 𝜚𝑅, for some 𝜚2 = 𝜚 ∈ 𝑅 and 𝜅𝑅 ≅ 𝜈𝑅, we define 𝜎: 𝜅𝑅 → 𝜈𝑅 is 

an isomorphism, then 𝜎(𝜅) = 𝜈𝑑, for some 𝑑 ∈ 𝑅 and 𝜎(𝜅𝑐) = 𝜚, for some 𝑐 ∈ 𝑅. Now, 𝜈𝑑𝑐 =

𝜎(𝜅)𝑐 = 𝜎(𝜅𝑐) = 𝜚. Since 𝜈𝑅 = 𝜚𝑅, 𝜈𝑑 = 𝜚𝑘, for some 𝑘 ∈ 𝑅. So, 𝜗2 = (𝑐𝜈𝑑)(𝑐𝜈𝑑) = 𝑐𝜚𝜈𝑑 =

𝑐𝜚𝜚𝑘 = 𝑐𝜚𝑘 = 𝑐𝜈𝑑 = 𝜗. Thus, 𝜗 is an idempotent. So, 𝜅𝑓 = 𝜅𝑐𝜈𝑑 =  𝜎−1(𝜚)𝑏𝜈𝑑 =

 𝜎−1(𝜚𝑏𝜈𝑑) =  𝜎−1(𝜚𝜚𝑘) = 𝜎−1(𝜚𝑘) =  𝜎−1(𝜈𝑑) = 𝜅. Let 𝑥 ∈ 𝑟𝑅(𝜗), then 𝜅𝑥 = 𝜅𝜗𝑥 = 0, so 

𝑟𝑅(𝜗) ⊆ 𝑟𝑅(𝜅). But, as 𝑅 is a right nil-injective. Then, 𝜗 is an idempotent and 𝑅𝜅 ⊆ 𝑅𝜗. Now, let 

𝑥 ∈ 𝑟𝑅(𝜅), then 𝜗𝑥 = 𝑐𝜈𝑑𝑥 =   𝑐𝜎(𝜅)𝑥 = 𝑐𝜎(𝜅𝑥) =   𝜎(0)𝑐 = 0, so 𝑟𝑅(𝜅) ⊆ 𝑟𝑅(𝜗). But, as 𝑅 is 

a right nil-injective, then 𝑅𝑓 ⊆ 𝑅𝜅. Therefore, 𝑅𝑎 = 𝑅𝑓 and 𝑟𝑅(𝜅) = 𝑟𝑅(𝜗). This gives 𝜗 = 𝑝𝜅, 

for some 𝑝 ∈ 𝑅. Since 𝜅 = 𝜅𝜗, we get 𝜅 = 𝜅𝑝𝜅 and so 𝑅𝜅 = 𝑅𝜗 = 𝑅𝑝𝜅 = 𝑅𝑡, where 𝑡 = 𝑝𝜅 and 

𝑡2 = (𝑝𝜅)2 = 𝑝𝜅𝑝𝜅 = 𝑝𝜅 = 𝑡 ∈ 𝑅. Now, 𝜅𝑅 is a direct summand of 𝑅. We have to prove that 

𝑅 = 𝑅𝑡 ⊕ 𝑅(1 − 𝑡) = 𝑅𝜅 ⊕ 𝑅(1 − 𝑡). Let 𝑥 ∈ 𝑅𝑡 ∩ 𝑅(1 − 𝑡). Then, 𝑥 = 𝑟𝑡 ∈ 𝑡𝑅 and 𝑟(1 −

𝑡) ∈ 𝑅(1 − 𝑡). Then, 2𝑟𝑡 = 𝑟. Thus, 2𝑡 = 1. Since 𝑡 is an idempotent, then 4𝑡 = 1. Therefore, 

4𝑡 − 2𝑡 = 1 − 1. Then, 2𝑡 = 0. Thus, 𝑥 = 0. Hence, 𝑅 = 𝑅𝑡 ⊕ 𝑅(1 − 𝑡) = 𝑅𝜅 ⊕ 𝑅(1 − 𝑡).  

  (2) Suppose that 𝑎𝑅 = 𝜚𝑅 and 𝑏𝑅 = (1 − 𝜚)𝑅, for some idempotents 𝜚 and (1 − 𝜚) of 𝑅. Then, 

𝜅𝑅 ⊕ 𝜈𝑅 = 𝜚𝑅⊕ 𝜈𝑅 = 𝜚𝑅 ⊕ (1 − 𝜚)𝑅 [as 𝜚, 𝑏 ∈ (𝜚𝑅 ⊕ (1 − 𝜚)𝑅) and 𝜚, (1 − 𝜚) ∈ (𝑎𝑅 ⊕

𝑏𝑅)]. Now, 𝜚𝑅 ⊕ 𝜈𝑅 = 𝜚𝑅⊕ (1 − 𝜚)𝑅 implies 𝜈𝑅 ≅ (1 − 𝜚)𝑅. So, by (1) , (1 − 𝜚)𝑅 = 𝑔𝑅, 

𝑔2 = (1 − 𝜚)2 = 1 − 2𝜚 + 𝜚2 = 1 − 2𝜚 + 𝜚 = 1 − 𝜚 = 𝑔 ∈ 𝑅 and 𝜚𝑔 =  𝜚(1 − 𝜚) = 0. 

Therefore, 𝜅𝑅 ⊕ 𝜈𝑅 =  𝜚𝑅 ⊕ 𝜈𝑅 = 𝜚𝑅⊕ 𝑔𝑅 = (𝜚 + 𝑔 − 𝜚𝑔)𝑅 (since 𝜚 + 𝑔 − 𝜚𝑔 = 1. 𝜚 +

(1 − 𝜚)𝑔 ∈ (𝑅𝜚 ⊕ 𝑅𝑔) and 𝜚 = 𝜚(𝜚 + 𝑔 − 𝜚𝑔) = 𝜚 + 𝑒𝑔 − 𝑒𝑔 ∈ 𝑅(𝜚 + 𝑔 − 𝜚𝑔). Therefore, 

𝑔 = 𝑔(𝜚 + 𝑔 − 𝜚𝑔) = 𝑔𝜚 + 𝑔 − 𝑔𝜚𝑔 ∈ 𝑅(𝜚 + 𝑔 − 𝜚𝑔)). Thus, 𝑅𝜅 ⊕ 𝑅𝜈 = 𝑅ℎ, where ℎ2 =

(𝜚 + 𝑔 − 𝜚𝑔)(𝜚 + 𝑔 − 𝜚𝑔) = (𝜚 + 𝑔 − 𝜚𝑔) = ℎ ∈ 𝑅. Hence, 𝑅𝜚 ⊕  𝑅𝜈 is a direct summand of 

𝑅.  

Theorem 2.7. Let 𝑅 be a  right Wnil- injective ring. If 𝑏𝑅 embeds in 𝑎𝑅, where 𝑟𝑅(𝑏) = 0, then 

there exists a positive integer number  𝑛  such that  𝑏𝑛𝑅 is an image of 𝑎𝑅.  
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Proof. If 𝜎 ∶ 𝑏𝑅 → 𝑎𝑅 is monic. Since 𝑅 is a right Wnil-injective, there exists a positive integer 𝑛 

such that any right R-homomorphism of 𝑏𝑛𝑅 into 𝑅 extends to one of 𝑅 into 𝑅. Let right R-

homomorphism 𝑓 =  𝜄𝜎𝑖 ∶ 𝑏𝑛𝑅 → 𝑅, where 𝑖 ∶ 𝑏𝑛𝑅 → 𝑏𝑅 and 𝜄 ∶ 𝑎𝑅 → 𝑅 are embedation maps. 

Hence 𝜎(𝑏𝑛)  =  𝑏𝑛𝑣 =  𝑢𝑎, where 𝑣, 𝑢 ∈ 𝑅. Now let 𝜑 ∶ 𝑎𝑅 → 𝑏𝑛𝑅, via: 𝜑(𝑎𝑟)  =  𝑢𝑎𝑟 =

 𝑏𝑛𝑣𝑟. Since 𝑏𝑛𝑣 ∈ 𝑁(𝑅), there exists a positive integer 𝑚 such that (𝑏𝑛𝑣)𝑚 𝑅 =

  𝑟𝑅 (𝑙𝑅((𝑏
𝑛𝑣)𝑚 )). Since 𝑙𝑅((𝑏

𝑛𝑣)𝑚)  =  𝑙𝑅(𝑏
𝑛𝑣)  =  𝑙𝑅(𝑏

𝑛)  =  𝑙𝑅(𝑏)  =  0, (𝑏
𝑛𝑣)𝑚 𝑅 =

  𝑟𝑅 (𝑙𝑅((𝑏
𝑛𝑣)𝑚 ))  =  𝑅. Let 𝑏𝑛 = (𝑏𝑛𝑣)𝑚 𝑐, where 𝑐 ∈ 𝑅. Hence 𝜑(𝑎(𝑏𝑛𝑣)𝑚−1  𝑐)  =

 𝑢𝑎(𝑏𝑛𝑣)𝑚−1  𝑐 =  (𝑏𝑛𝑣)𝑚 𝑐 = 𝑏𝑛  and so 𝜑 is an epic. 

 

Proposition 2.8. If RR is a nil-injective ring, then aR is a direct summand of R, for all a ∈ N(R).  

 Proof.  Let 𝑅𝑅 be a nil-injective ring and consider the row exact diagram of R-modules, 

 

Let 𝑖𝑑𝑅 is the identity mapping on 𝑅 and 𝑖 is the canonical injection. If 𝑔: 𝑎𝑅 → 𝑅 completes the 

diagram commutatively, then 𝑔𝑖 = 𝑖𝑑𝑅. Hence, 𝑔 is a splitting map for 𝑖. If 𝜈 ∈ 𝑅, then 𝑔(𝜈) ∈ 𝑅, 

so 𝑖(𝑔(𝜈)) ∈ 𝑎𝑅. If 𝜅 = 𝜈 − 𝑖(𝑔(𝑥)), since 𝑔𝑖 = 𝑖𝑑𝑅. Then, 𝑔(𝜅) = 𝑔(𝜈) − 𝑔(𝑖(𝑔(𝜈))) = 0 

Thus, 𝜅 ∈ 𝐾𝑒𝑟𝑔 and 𝜈 = 𝑖(𝑔(𝜈)) + 𝜅 ∈ 𝐼𝑚𝑖 + 𝐾𝑒𝑟𝑔. Therefore, 𝑅 = 𝐼𝑚𝑖 + 𝐾𝑒𝑟𝑔. If 𝜆 ∈ 𝐼𝑚𝑖 ∩

𝐾𝑒𝑟𝑔, then 𝜆 = 𝑖(𝑥) for some 𝜈 ∈ 𝑅, so 0 = 𝑔(𝑦) = 𝑔(𝑖(𝜈)) = 𝜈. Hence, 𝜆 = 0 and we have 

𝑅 = 𝐼𝑚𝑖 ⊕𝐾𝑒𝑟𝑔.  Since  𝐼𝑚𝑖 = 𝑎𝑅, then 𝑅 = 𝑎𝑅⊕𝐾𝑒𝑟𝑔. Hence, 𝑎𝑅 is direct sumand of 𝑅. 

Definition 2.9.  A given 𝑅 is a ring if it satisfies the following two conditions: 

 (1)  For any right ideal 𝜒, there is an idempotent 𝜚 such that  𝜚𝑅 is an essential extension of  𝜒.  

(2)   If  𝛿𝑅, 𝛿 = 𝛿2, is isomorphic to a right ideal Γ, then Γ also is generated by an idempotent. 

A ring 𝑅 is right continuous [12] if it satisfies Conditions 1 and 2.  
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Lemma 2.10. [Lemma4.1, [12]] If 𝑅 is a right continuous ring, then 𝑍 (𝑅𝑅  )  =  𝐽(𝑅), and 𝑅/𝐽(𝑅) 

is regular.   

Lemma 2.11. [Lemma 2.1,[11]] If Z (𝑅𝑅 ) contains no non-zero nilpotent element, then Z(𝑅𝑅)=0.  

The following results are about the relation between right nil-injective ring and right continuous 

rings: 

Proposition 2.12. Let R be a ring such that R is right continuous ring and RR/J(R) is nil injective 

ring. Then R is semiprimitive.  

Proof. By Lemma 2.10,  𝐽(𝑅) = 𝑍(𝑅𝑅). We shall show that 𝐽(𝑅) = 𝑍(𝑅𝑅) = 0. If not, by Lemma 

2.11, there exists 0 ≠ 𝜅 ∈ 𝑁(𝑅) then 𝜅 ∈ 𝐽(𝑅). Since 𝑅 a right continuous ring, then by Lemma 

2.10, 𝑅/𝐽(𝑅) is nil-injective, any R-homomorphism of 𝜅𝑅 into 𝑅/𝐽(𝑅) extends to one of 𝑅 into 

𝑅/𝐽(𝑅). Let 𝑓: 𝜅𝑅 → 𝑅/𝐽(𝑅) such that 𝑓(𝜅𝑟) = 𝑟 + 𝐽(𝑅) where 𝑟 ∈ 𝑅, we have to show that 𝑓 is 

well defined, let 𝜅𝑥 = 𝜅𝑦, where 𝛼, 𝛽 ∈ 𝑅 then 𝜅(𝛼 − 𝛽) = 0. Thus, (𝛼 − 𝛽) + 𝐽(𝑅) = 𝐽(𝑅), 𝛼 +

𝐽(𝑅) = 𝛽 + 𝐽(𝑅), 𝑓(𝑥) = 𝛼 + 𝐽(𝑅) = 𝛽 + 𝐽(𝑅) = 𝑓(𝛽), 𝑓(𝛼) = 𝑓(𝛽), so 𝑓 is well defined right 

R-homomorphism, since 𝑅/𝐽(𝑅) is nil-injective, there exists such that 1 + 𝐽(𝑅) = 𝑓(𝜅) = (𝜈 +

𝐽(𝑅))(𝜅 + 𝐽(𝑅)) = 𝜈𝜅 + 𝐽(𝑅), then 1 + 𝐽(𝑅) = 𝜈𝜅 + 𝐽(𝑅). So 1 − 𝜈𝜅 ∈ 𝐽(𝑅). Since 𝜅 ∈ 𝐽(𝑅), 

then 1 − 𝜈𝜅 is invertible. We get that 1 ∈ 𝐽(𝑅), which is a contradiction. Therefore, 𝜅 ∉ 𝐽(𝑅). So, 

𝐽(𝑅) = 0. This shows that 𝑅 is semiprimitive.  

We construct a relation between right Wnil-injective and right nil-injective in the matrix ring as 

follow: 

Lemma 2.13. [Theorem2.3, [8]] A given ring R is  right Wnil-injective if and only if for any 

0 ≠ a ∈ N(R), there exists a positive integer n such that κn ≠ 0 and lR(rR(κ
n)) = Rκn.  

Theorem 2.14. Let R be a ring and S = Mn(R) be the matrix ring. Let κ𝐸𝑛1 =

(

  
 

0 0 . . . 0
0 0 . . . 0
. . . .
. . . .
. . . .
κ 0 . . . 0)

  
 

, for κ ∈ N(R), then the followings are true: 

(1) lS(rS(κEn1)) = SκEn1 if and only if lR(rR(κ)) = Rκ.  
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(2) If Mn(R) is a right Wnil-injective ring, for some n ≥ 2, then R is a right nil-injective ring.  

Proof. 1. Let 𝑏 ∈ 𝑙𝑅(𝑟𝑅(κ)) then 𝑟𝑅(κ) ⊆ 𝑟𝑅(𝜈). Now, take (𝜔𝑖𝑗) ∈ 𝑟𝑆(κ𝐸𝑛1), then 

(

  
 

0 0 . . . 0
0 0 . . . 0
. . . .
. . . .
. . . .
𝜅 0 . . . 0)

  
 

(

 
 
 

𝜔11 𝜔12 . . . 𝜔1𝑛
𝜔21 𝜔22 . . . 𝜔2𝑛
. . . .
. . . .
. . . .
𝜔𝑛1 𝜔𝑛2 . . . 𝜔𝑛𝑛)

 
 
 
= 0, 

so we have κ𝜔1𝑖 = 0, for all 𝑖 = 1,2, . . . , 𝑛. That is, 𝜔1𝑖 ∈ 𝑟𝑅(κ) ⊆ 𝑟𝑅(𝜈) so 𝜈𝜔1𝑖 = 0, for 𝑖 =

1,2, . . . 𝑛, yielding (𝜈𝐸𝑛1)(𝜔1𝑖) = 0. Thus, (𝜔𝑖𝑗) ∈ 𝑟𝑆(𝜈𝐸𝑛1), hence 𝑟𝑆(𝐸𝑛1κ) ⊆ 𝑟𝑆(𝐸𝑛1𝜈). 

Therefore, 𝜈𝐸𝑛1 ∈ 𝑙𝑆(𝑟𝑆(κ𝐸𝑛1) = 𝑆(κ𝐸𝑛1). So, we can write 𝜈𝐸𝑛1 = (𝑑𝑖𝑗)κ𝐸𝑛1, where (𝑑𝑖𝑗) ∈ 𝑆, 

which implies 𝜈 = 𝑑𝑛𝑛κ ∈ 𝑅κ. Hence, 𝑙𝑅(𝑟𝑅(κ)) = 𝑅κ. Conversely, Let 𝐵 = (𝑏𝑖𝑗) ∈

𝑙𝑆(𝑟𝑆(κ𝐸𝑛1)) then 𝑟𝑅(κ𝐸𝑛1) ⊆ 𝑟𝑅(𝐵). Now, if 𝑖 ≠ 1, then (κ𝐸𝑛1)𝐸𝑖𝑗 = 0 which implies 𝐸𝑖𝑗 ∈

𝑟𝑆(κ𝐸𝑛1) ⊆ 𝑟𝑆(𝐵) thus 𝐵𝐸𝑖𝑗 = 0 that is (𝜈𝑖𝑗)(𝐸𝑖𝑗) = 0 hence 𝜈𝑘𝑖 = 0 for 𝑘 = 1,2, . . , 𝑛. So, 𝐵 =

(

 
 
 

𝜈11 0 . . . 0
𝜈21 0 . . . 0

. . . .

. . . .

. . . .
𝜈𝑛1 0 . . . 0)

 
 
 
. Then, If 𝜈 ∈ 𝑟𝑅(κ) then 𝜈𝐸11 ∈ 𝑟𝑆(κ𝐸𝑛1) ⊆ 𝑟𝑆(𝐵). So, 𝜈 ∈ 𝑟𝑅(𝜈𝑖1), 

for 𝑖 = 1,2, . . , 𝑛. Thus, 𝑟𝑅(κ) ⊆ 𝑟𝑅(𝜈𝑖1) implies 𝑙𝑅(𝑟𝑅(𝜈𝑖1)) ⊆ 𝑙𝑅(𝑟𝑅(κ)) then 𝜈𝑖1 ∈ 𝑙𝑅(𝑟𝑅(𝜈𝑖1)) ⊆

𝑙𝑅(𝑟𝑅(κ)) = 𝑅κ . So, 𝜈𝑖1 = 𝑡𝑖1κ with 𝑡𝑖1 ∈ 𝑅 for 𝑖 = 1, . . . , 𝑛. Thus 𝐵 =

(

 
 
 

𝑡11κ 0 . . . 0
𝑡21κ 0 . . . 0

. . . .

. . . .

. . . .
𝑡𝑛1κ 0 . . . 0)

 
 
 
=

(

 
 
 

0 0 . . . 𝑡11
0 0 . . . 𝑡21
. . . .
. . . .
. . .
0 0 . . . 𝑡𝑛1)

 
 
 
(κ𝐸𝑛1) ∈ 𝑆(κ𝐸𝑛1). Therefore, 

𝑙𝑆(𝑟𝑆(κ𝐸𝑛1)) = 𝑆(κ𝐸𝑛1). 

(2) Let 0 ≠ κ ∈ 𝑁(𝑅) and take, 𝑢 = κ𝐸𝑛1. Now, 𝑀𝑛(𝑅) is right Wnil-injective. So, by Lemma 

2.13. there exists 𝑚 > 1 such that 𝑢𝑚 ≠ 0 and 𝑙𝑆(𝑟𝑆(𝑢)) = 𝑆𝑢
𝑚. Since 𝑛 ≥ 2, 𝑢2 =
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(

  
 

0 0 . . . 0
0 0 . . . 0
. . . .
. . . .
. . . .
κ 0 . . . 0)

  
 

(

  
 

0 0 . . . 0
0 0 . . . 0
. . . .
. . . .
. . . .
κ 0 . . . 0)

  
 
= 0. So it must be that 𝑚 = 1 and 

𝑙𝑆(𝑟𝑆(𝑢)) = 𝑆𝑢. Thus 𝑅 is right nil-injective. 

 

A non-zero right R-module 𝑀 is said to be s-unital [4], if 𝑢 ∈ 𝑢𝑅 for each 𝑢 ∈ 𝑀. If 𝑅𝑅 is s-unital, 

then 𝑅 is called a right s-unital ring. If 𝑀 is a right R-module and 𝑆 is a subset of 𝑅, then we set 

𝑙𝑀(𝑆) = {𝑢 ∈ 𝑀|𝑢𝑆 = 0}. HIRANO and TOMINAGA introduced in [13], if 𝑀 is a right R-module and 

𝑆 is a subset of 𝑅, then 𝑟𝑀(𝑆) = {𝑢 ∈ 𝑀|𝑆𝑢 = 0}. So, if 𝑀 is a right R-module and α is an element 

of 𝑅, then 𝑟𝑀(α) = {𝑢 ∈ 𝑀|α𝑢 = 0}. Finally, if 𝑀 is a right R-module and α is an element of 𝑅, 

then 𝑙𝑀(α) = {𝑢 ∈ 𝑀|𝑢α = 0}.  

 Theorem 2.15. [Theorem1, [4]] If  F is a finite subset of a right s-unital ring R, then there 

exists an element e ∈ R such that αe = α, for all α ∈ F. 

An  R-module 𝑀 is called right nil-injective module if each 𝑎 ∈ 𝑁(𝑅) and each homomorphism 

𝑓: 𝑎𝑅 → 𝑀, there exists a homomorphism 𝑔: 𝑅 → 𝑀 such that 𝑓(𝑥) = 𝑔(𝑥), for every 𝑥 ∈ 𝜅𝑅 [2]. 

Theorem 2.16 Let M be s-unital module, then the following conditions are equivalent: 

(1) MR is a right nil-injective module. 

(2) lM(rR(α)) = Mα for every α ∈ N(R).  

(3) rR(α) ⊆ rR(β) where α, β ∈ N(R), then βM ⊆ αM. 

(4) If  f: αR → R, α ∈ N(R), is R-linear, then f(α) ∈ Mα.  

Proof. (1)
 
⇒ (2) Assume that 𝑀𝑅 is nil-injective. Given 𝑢 ∈ 𝑙𝑀(𝑟𝑅(α)) such that α ∈ 𝑁(𝑅) there 

exist an element 𝑒′ ∈ 𝑅 such that 𝑢𝑒′ = 𝑢. Then, by Theorem 2.15., there exists an element 𝑒 ∈ 𝑅 

such that α𝑒 = α and 𝑒′𝑒 = 𝑒′. Consider 𝑓: α𝑅 → 𝑀 defined by 𝑓(α𝑥) = 𝑢𝑥. Since 𝑀 is a nil-

injective, we can find an element 𝑣 ∈ 𝑀 with 𝑢𝑥 = 𝑣α𝑥, for all 𝑥 ∈ 𝑅. We therefore obtain 𝑢 =
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𝑢𝑒′ = 𝑢𝑒 = 𝑣α𝑒 = 𝑣α, which means 𝑙𝑀(𝑟𝑅(α)) ⊆ 𝑀α. On the other hand, let 𝑣𝑎 ∈ 𝑀α, for some 

𝑣 ⊆ 𝑀. Then,  𝑣α𝑥 = 0, for every 𝑥 ∈ 𝑟𝑅(α). Thus, 𝑣α ∈ 𝑙𝑀(𝑟𝑅(α)) . So that 𝑙𝑀(𝑟𝑅(α)) = 𝑀α. 

(2) ⇒ (3) Let 𝑆1 ⊆ 𝑆2. Then 𝑙𝑀(𝑆2) = {𝑢 ∈ 𝑀| 𝑢𝑆2 = 0} ⊆ {𝑢 ∈ 𝑀| 𝑢𝑆1 = 0 = 𝑙𝑀(𝑆2)}. 

Suppose α, 𝛽 ∈ 𝑁(𝑅) such that 𝑟𝑅(α) ⊆ 𝑟𝑅(𝛽). Then, 𝑙𝑀(𝑟𝑅(𝛽)) ⊆ 𝑙𝑀(𝑟𝑅(α)). Therefore, 𝑀𝑏 =

𝑙𝑀(𝑟𝑅(α)) ⊆ 𝑙𝑀(𝑟𝑅(α)) = 𝑀α. 

(3) ⇒ (4) First, 𝑙𝑅(𝛽) + 𝑅α ⊆ 𝑙𝑅(𝛽𝑅 ∩ 𝑟𝑅(α)) as 𝑥 ∈ 𝑙𝑅(𝛽) + 𝑅α implies that 𝑥 = 𝑦 + 𝑘α 

where 𝑦𝛽 = 0. Now, we must show 𝑥 ∈ 𝑙𝑅[𝛽𝑅 ∩ 𝑟𝑅(α)] . Then, 𝑥(β𝑅 ∩ 𝑟𝑅(α)) = 0. Therefore, 

(𝑦 + 𝑘α)(𝛽𝑅 ∩ 𝑟𝑅(α)) = 0. We have, (𝑦 + 𝑘𝛼)(𝛽𝑅 ∩ 𝑟𝑅(𝛼)) = {(𝑦 + 𝑘α)β𝑏𝑡|α𝛽𝑡 = 0, 𝑡 ∈

𝑅} = {𝑦𝛽𝑡|𝑡 ∈ 𝑅 = {0}}. Let 𝑡 = 1, then 𝑦𝛽𝑡 = 𝑦𝛽 = 0. Thus, 𝑦 ∈ 𝑙𝑅(𝛽). Therefore 𝑙𝑅(𝛽) +

𝑅α ⊆ 𝑙𝑅β𝑅 ∩ 𝑟𝑅(α)). Now, let 𝑥 ∈ 𝑙𝑅(𝛽𝑅 ∩ 𝑟𝑅(α)), then 𝑥(𝛽𝑅 ∩ 𝑟𝑅(α)) = 0. This means that 

{𝑥𝛽𝑡|α𝛽𝑡 = 0, 𝑡 ∈ 𝑅 = 0}. So, whenever 𝑡 ∈ 𝑙𝑅(α𝛽), 𝑡 ∈ 𝑙𝑅(𝑥𝛽) showing that 𝑟𝑅(α𝛽) ⊆ 𝑟𝑅(𝑥𝛽) 

and so 𝑅𝑥𝛽 ⊆ 𝑅α𝛽(𝑏𝑦(3)). This implies that 𝑥𝑏 = 𝑝α𝛽 for some 𝑝 ∈ 𝑅 yielding 𝑥 − 𝑝α ∈ 𝑙𝑅(𝛽) 

that is 𝑥 ∈ 𝑙𝑅(𝛽) + 𝑅α. Thus, 𝑙𝑅(𝛽𝑅 ∩ 𝑟𝑅(α)) ⊆ (𝑙𝑅(𝛽) + 𝑅α) . Hence,  𝑙𝑅(𝛽𝑅 ∩ 𝑟𝑅(α)) =

𝑙𝑅(𝛽) + 𝑅α . 

(4) ⇒ (1) Let 𝑓: 𝛼𝑅 → 𝑀 be R-linear map with 𝑓(α) ∈ 𝑀α. Then, 𝑓(α) = 𝑐α, for some 𝑐 ∈ 𝑀. 

This proves (1). Which completes the proof.  

3. Conclusions 

In conclusion, our study has demonstrated examples of rings that are nil-injective but not p-

injective. We also attempted to find examples of rings that are Wnil-injective but not nil-injective. 

These examples highlight the importance of studying these generalizations, as they different from 

the previous types of nil-injective rings. 
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  𝒏𝒊𝒍 من النمط لحلقات  النتائجعلى بعض 

 و عبدالله محمد عبدالجبار   فرمان علي احمد

 العراق.-, أقليم كوردستانأربيل-صلاح الدينجامعة  ,كلية العلوم, رياضياتقسم ال

 المستخلص  

𝜔 كان لكلإذا   𝑛𝑖𝑙 انه غامر من النمط 𝑀 يقال للمقاس الأيمن ∈ N(R)   وان أي هومومورفيزم 𝑓:𝜔𝑅 → 𝑀   الى توسعته يمكن 

. 𝑅 → 𝑀    يقال للمقاس الأيمن 𝑅𝑅 انه غامر من النمط 𝑛𝑖𝑙    إذا كانR    غامر من النمط 𝑛𝑖𝑙   .  , يقال للمقاس الأيمنوأيضا M  انه

0 إذا كان لكل Wnil غامر من النمط  ≠ 𝜔 ∈ N(R) يوجد عدد صحيح موجب n بحيث أن  𝜔𝑛  ≠  وان أي هومومورفيزم 0

𝑓:  𝜔𝑛𝑅 → 𝑀   الى توسعته يمكن    . 𝑅 → 𝑀      يقال للمقاس الأيمن 𝑅𝑅 انه غامر من النمط 𝑊𝑛𝑖𝑙    إذا كانR    غامر من النمط 

 𝑊𝑛𝑖𝑙 .في هذا العمل.  نناقش بعض الخصائص والتوصيفات المتعلقة بهذه الحلقات 
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