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1. Introduction

In this article, R is an associative ring with identity, and All R-modules are unital. We denote
1R (w) and lz (w) to the right annihilator and the left annihilator of w, respectively. The set of
nilpotent elements, the set of unit elements, the set of right singular elements and the Jacobson
radical of R are denoted by N(R),U(R),Z( Rg), and J(R), respectively. Also, by Z,, and Z, we
mean the set of integers modulo n and integer numbers, respectively. In addition, an R-module M
is called p-injective if for any principal right ideal I of R and any right R-homomorphism g:1 —
M, there exists Y € M such that g(v) = vY, for all v in I, which was first introduced by Ming in
[9]. In [10] also, Yue Chi Ming generalized p-injective, which is np-injective. A right R-module
M is called right np-injective if for any w € N(R) and any R-homomorphism f: wR — M can be
extended to R = M, or equivalently, for any w € N(R) and any R-homomorphism f: wR = M,
there exists m € M such that f(x) = mY, forall Y € wR. So, the ring R is called right np-injective
if R; is np-injective. Wei and Chen defined weakly np-injective in [7]. A right R-module M is
called weakly np-injective if for any w & N(R), there exists a positive integer n such that w™ # 0
and any right R-homomorphism f: w™ R — M can be extended to R — M. Or equivalently, for
any w & N(R), there exists a positive integer n such that w™ # 0 and any R-homomorphism
f:w™R — M there exists m € M such that f(x) = mY, for all Y € w™R. If Ry is weakly np-
injective, then R is a right weakly np-injective ring. It is easy to check that every right np-injective
module is right weakly np-injective. Wei and Chen [6] generalized p-injective to nil-injective.
They have defined that a right R-module M is called nil-injective, if for any w € N(R) and any R-
homomorphism f : wR — M can be extended to f: R — M, or equivalently, for any w € N(R)
and any R-homomorphism f : wR — M there exists m € M such that f(x) = mY, forall Y € wR.
So, the ring R is called right nil-injective if Ry is nil-injective. A right R-module M is called Whnil-
injective if for any 0 # w € N(R), there exists a positive integer n such that «™ # 0 and any
right R-homomorphism f:a™R — M can be extended to R — M. Or equivalently, for any w €
N (R), there exists a positive integer n such that w™ # 0 and any R-homomorphism f: a"R - M
there exists m € M such that f(x) = mY forall Y € o™ R [6]. A ring R is called semiprimitive
ring if J(R) = 0 [1]. We found that if R is right continuous ring and Rg (g, is nil injective ring,
then R is semiprimitive. In the matrix ring, If M,,(R) is a right Wnil-injective ring, for some n >

2, then R is a right nil-injective ring.
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2. Nil-Injective Rings

In this section, we consider some examples and primary results about nil-injective. Wei and Chen
[6] are poved that a ring R is a right nil-injective if and only if lz(1z(w)) = Rw, for every o €
N(R). We found some non-tivial examples of nil-injective rings via those theorem. Recall that if
the ring of scalars R is commutative, then for all k € R and u € M, we have ku = uk. Let R be a
ring and M a bimodule over R. The trivial extensionof Rand M isR o« M = {(x,u):k € R,u € M}
with addition defined componentwise and multiplication defined by (x, W) (v, x) = (kv, kx + uv)
[5]. So, we obtain that for any k € N(R), for (x,u) € S = R o M, there exist n € Z* such that
k™ = 0, then (k, W)+ = (k™*1, (n + 1)x™u) = (0,0), for every k € N(R) and for every u € M.
Thus, the set of nilpotent elementsin R o< M is given by: N(R « M) = {(x,u)|x € N(R) and u €
M}. In addition, we found some examples which are not p-injective rings but they are nil-injective

rings:

Example 2.1 Let S=RucM=Z xZ, = {(k,u)|x € Zand pn € Z,} be a ring with addition
defined componentwise and multiplication defined by (x, u) (v, x) = (kv, kxy + uv). Now, N(S) =
{(0,0),(0,1),(0,2),(0,3)}. Firstly, 15(rs((0,0))) = {(0,0)} = 5(0,0) and Is(rs((0,1))) =
{(O,W|nezZ,}=5(0,1). Secondly, r1r5((0,2)) ={(k,u)|lkE<2> andu€Z,}). So,
l5(rs((0,2))) = {(0,2)|u € Z,} = S(0,2). Thirdly, rg((0,3)) = {(k, )|k E< 2 > and u € Z,}.
So, Is(rs((0,3))) = {(0, W) |u € Z,} = S(0,3). Thus, S is right nil-injective ring. But, S is not right
p-injective ring because (2,0) € S. Then, rg((2,0)) = {(0,2W)|u € Z,}. So, l5(rs((2,0))) =
{(x, Wk EK 2> and u € Z,}, but  S(2,0) ={(x,2u)|lk €E<2> andu € Z,}.  Thus,
I5(rs((2,0))) # S(2,0). Hence, S is not right p-injective ring.

Example22LetS=Z P Z, = {(xk,W)|x € Zand p € Z,} be an external direct sum of Z and Z,
with standard addition and multiplication. Since N(S) = {(0,0), (0,2)}. Firstly, 15(rs((0,0))) =
{(0,00} =5(0,0). Secondly, rs((0,2)) = {(x,1)[(0,2)(x,w) = (0,0),k € Zand n € Z,} =
{6, W], x € Zand p € r7,(2)}. Then, Is(rs((0,2))) = {(0,B)IB € (2),} = S(0,2). Thus, S is
right nil-injective ring. But, S is not right p-injective ring because (3,0) € S. Then, rs((3,0)) =
{(o,Wnez,} So, Is(rs((3,0) ={(x,0)|xeZ} but S3,0)={3x0)|keZ}) Thus,
I5(rs((3,0))) # S(3,0). Hence, S is not right p-injective ring.
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Proposition 2.3 If S=R« M =Z « Z,. Then, S is right nil-injective ring.
Proof. Let S=Z «xZ, = {(k,1)|x € Zand 1 € Z,}. Then, N(S) = {(0,)| 1 € Z,} . So,
rs((0,) = {(0, ) (x,7) = (0,0)|x € Zand§ € Zy} = {(x,7)|iix = 0,x € Zand i € Zy}
= {(mp,y) € S| where n = py, for all m € Z and for some y, n,p € Z}.

We have two cases for find 15(rs((0, ))). Firstly, if t is non-zero divisor, then i is unit. There is
nothig to prove. Secondly, if fi is zero divisor, ls(rs((0,i))) = {(a,b)|(a,b)(mp,y) =
(o, 6)|where n = py, for all (mp,y) € S,for all m € Z and for some y,n,p € Z} =
{(a,b)|(amp, bmp + ay) = (0,0) | for all (mp,y) € S} = {(0, tp)||forallt € Z }. So, S(0, p) =
{(x, (0, |for all (x,y) € S} = {(0,xj1)|for all x € Z }. Therefore, I5(rs((0,n))) = S(0, in), for
all L € Z,,. Thus, S is right nil-injective ring.

Proposition 2.4 Let S = Z @ Z, and Z, has non-zero nilpotent element. Then, S is right nil-
injective if r;_(p) = pZ,, for each p € N(Z,).

Proof. Suppose that S = Z @ Z, = {(a,b)|a € Z and b € Z,} is a ring with addition defined and
multiplication defined by (a,b)(c,d) = (ac,bd). It is clear that N(S) = {(0,p)|p € N(Z,)}. We
obtain that, rs((0,p)) ={(xy)Ipy =0,x €Z andy € Z,} = {(x,¥)|x € Zandy € rz_(p) }.
Since rz_(P) = PZy, then lg (rs((O, 1‘)))) ={(aB)I(e, B)(x, ) = (0,0),forall x € Zand y €
rz,() } = {(0.B)I B € PZy }. So, 5(0,P) = {(x7)(0,p)| forall (x,7) € S} =
{(0,7P)| for all § € Z,.} = {(0, )| B € PZ, }. Therefore, 15 (rs((0,5))) = S(0, B) for each non-
zero nilpotent element p € N(Z,,). Hence, S is right nil-injective ring.

Proposition 2.5 Let R be a local right nil-injective ring. Then for any non-zero (two-sided) ideals

kR and vR of R, kR N VR # 0, for any x,v € N(R).

Proof. Suppose that kR N vR = 0 and define the map f: (k + V)R = R by f[(k + v)x] = vy for
keR. Let (k+Vv)y=(k+v)y for y, ¥ €R.Sok(x — x) =v(x'— x) =0, yielding vy' =
vy. Thus, f is well-defined. Since R is right nil-injective, then f can be extended on R. Therefore,
fl(k +v)] = (k +v)w, for some w € R. Thus, b = (k+v)w. Since R local, then by
[Proposition 7.2.11.,[6]] either w or 1 — w is a unit, but 0 = kw = v(1 — w) € kR N VR = {0}.

Thus, k = 0 or v = 0, a contradiction. Hence, kR N vR # 0, for any k,v € N(R).
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Proposition 2.6 Let Ry be a right nil-injective ring. Let k,v € N(R):

(1) If kR = vR and an idempotent ¢ generates vR. Then there exists an idempotent 9 € R such

that k = R, 1z (¥) = rz(k) and Rk is a direct summand of R.

(2) If kR and vR are generated by two idempotent elements with kR N vR = 0, then there exists
an idempotent & such that kR @ vR = 6R.

Proof. (1) Suppose that vR = gR, for some ¢ = ¢ € R and kR = VR, we define o: kR — VR is
an isomorphism, then o(x) = vd, for some d € R and o(xc) = o, for some ¢ € R. Now, vdc =
o(k)c = a(kc) = p. Since vVR = gR,vd = gk, for some k € R. So, 9% = (cvd)(cvd) = covd =
cook = cok =cvd =9. Thus, 9 is an idempotent. So, kf =kcvd = o 1(o)bvd =
o Y(ebvd) = o7 (00k) = 67 (0k) = o7 (vd) = k. Let x € 1z (), then kx = k9x = 0, SO
rr(9) € rx(x). But, as R is a right nil-injective. Then, 9 is an idempotent and Rk S RY. Now, let
x € rg(k), then 9x = cvdx = co(k)x = ca(kx) = a(0)c =0, s0 rz(k) S rx(9). But, as R is
a right nil-injective, then Rf < Rk. Therefore, Ra = Rf and rz(k) = rx(99). This gives 9 = pk,
for some p € R. Since k = k9, we get k = kpk and sO Rk = RY = Rpk = Rt, where t = px and
t? = (px)? = pkpk = pk =t € R. Now, kR is a direct summand of R. We have to prove that
R=Rt®R(1-t)=Rk@BR(1—t). Let xERtNR(1—1t). Then, x =rt € tR and r(1 —
t) € R(1 —t). Then, 2rt = r. Thus, 2t = 1. Since t is an idempotent, then 4t = 1. Therefore,
4t —2t =1—1.Then, 2t = 0. Thus, x = 0. Hence, R=Rt @ R(1 —t) =Rk @ R(1 —1).

(2) Suppose that aR = gR and bR = (1 — g)R, for some idempotents ¢ and (1 — g) of R. Then,
KROVR=0RDPVR=oRDP (1—0)R [as 0,b € (0RP (1 —0)R) and o,(1 —0) € (aR P
bR)]. Now, oR @ vR = oR @ (1 — ¢)R implies vR = (1 — p)R. So, by (1) , (1 —0)R = gR,
g°=(1-0)2>=1-20+02=1-20+0=1—-9p=g€R and og= o(1—-p)=0.
Therefore, kR@ VR = pRABVR=oR P gR=(0+g —0g)R (since o+g—0g =10+
(1-0g€(Re®DRyg) and ¢ =0(e+9g—0g) =0 +eg—eg €R(e+g—eg). Therefore,
g=go+g—o09)=go+9g—gog €R(e+g—0g)). Thus, Rk @ Rv = Rh, where h? =
(e+g—09)0e+g—09) =(0o+9g—0g)=heR.Hence, Ro @ Rvis adirect summand of
R.

Theorem 2.7. Let R be a right Wnil- injective ring. If bR embeds in aR, where 1z (b) = 0, then

there exists a positive integer number n such that b™R is an image of aR.
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Proof. If o : bR — aR is monic. Since R is a right Wnil-injective, there exists a positive integer n
such that any right R-homomorphism of b™R into R extends to one of R into R. Let right R-
homomorphism f = i : b"R — R, where i : b"R — bR and ¢ : aR — R are embedation maps.
Hence o(b™) = b™v = ua, where v,u € R. Now let ¢ : aR — b™R, via: ¢(ar) = uar =
b™vr. Since b™v € N(R), there exists a positive integer m such that (b"v)™R =
rr (r((D"™)™)).  Since  L((B"v)™) = Ix(b™) = lp(b™) = Ix(b) = 0,(B"V)™R =
g (Ig((B™)™)) = R. Let b™" = (b™w)™ ¢, where c € R. Hence ¢(a(b™)™ 1! ¢) =

ua(b™)™ 1 ¢ = (b™v)™c = b™ and so ¢ is an epic.

Proposition 2.8. If Ry is a nil-injective ring, then aR is a direct summand of R, for all a € N(R).

Proof. Let R; be a nil-injective ring and consider the row exact diagram of R-modules,

Let idy is the identity mapping on R and i is the canonical injection. If g:aR — R completes the
diagram commutatively, then gi = idg. Hence, g is a splitting map for i. If v € R, then g(v) € R,
so i(g(v)) €aR. If k =v —i(g(x)), since gi = idg. Then, g(k) =g(v) —g(i(g(v))) =0
Thus, k € Kergandv = i(g(v)) + k € Imi + Kerg. Therefore, R = Imi + Kerg. If 1 € Imin
Kerg, then 4 = i(x) for some v € R, s0 0 = g(y) = g(i(v)) =v. Hence, A = 0 and we have
R =Imi @ Kerg. Since Imi = aR, then R = aR @ Kerg. Hence, aR is direct sumand of R.

Definition 2.9. A given R is a ring if it satisfies the following two conditions:

(1) Forany right ideal y, there is an idempotent g such that gR is an essential extension of y.
(2) If 6R,6 = &2, is isomorphic to a right ideal T, then T also is generated by an idempotent.
A ring R is right continuous [12] if it satisfies Conditions 1 and 2.
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Lemma 2.10. [Lemma4.1, [12]] If R is aright continuous ring, then Z (R ) = J(R),and R/J(R)

IS regular.
Lemma 2.11. [Lemma 2.1,[11]] If Z (Rg ) contains no non-zero nilpotent element, then Z(Rz)=0.

The following results are about the relation between right nil-injective ring and right continuous

rings:

Proposition 2.12. Let R be a ring such that R is right continuous ring and Rg g, is nil injective

ring. Then R is semiprimitive.

Proof. By Lemma 2.10, J(R) = Z(Rg). We shall show that J(R) = Z(Rg) = 0. If not, by Lemma
2.11, there exists 0 # k € N(R) then k € J(R). Since R a right continuous ring, then by Lemma
2.10, R/J(R) is nil-injective, any R-homomorphism of kR into R/J(R) extends to one of R into
R/J(R). Let f:xR = R/J(R) such that f(xr) = r + J(R) where r € R, we have to show that f is
well defined, let kx = ky, where a, 8 € Rthenk(a — ) = 0. Thus, (a —B) +J(R) = J(R),a +
JR)=B+]JR), f(x) =a+]R) =B +]R) = f(B), f(a) = f(B),so f is well defined right
R-homomorphism, since R/J(R) is nil-injective, there exists such that 1 + J(R) = f(k) = (v +
JR)(k+J(R)) =vk +]J(R), then 1+ J(R) = vk +J(R). So 1 — vk € J(R). Since k € J(R),
then 1 — vk is invertible. We get that 1 € J(R), which is a contradiction. Therefore, k € J(R). So,
J(R) = 0. This shows that R is semiprimitive.

We construct a relation between right Whnil-injective and right nil-injective in the matrix ring as

follow:

Lemma 2.13. [Theorem2.3, [8]] A givenring R is right Whnil-injective if and only if for any

0 # a € N(R), there exists a positive integer n such that k™ # 0 and Iz (rgr(x™)) = Rk".

Theorem 2.14. Let R be aring and S = M, (R) be the matrix ring. Let kE,; =

0 0 . . . 0
0 0 . . . 0

, for k € N(R), then the followings are true:
k 0 . . . 0

(1) Is(rs(xEL;)) = SkE,, ifand only if Iz (rr(k)) = Rk.
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(2) If M,,(R) is a right Whnil-injective ring, for some n > 2, then R is a right nil-injective ring.
Proof. 1. Let b € g (1r(x)) then 1z (k) S 1r(v). Now, take (w;;) € 75(xEyy), then

0 0 . . . 0 W11 W12 - : . W1n

0 0

0 Wy Wyo . . . Won

0 N ' ' ' =0

\K 0 . . . 0 \wnl Wn2 - . . Wnn
so we have kw,; =0, forall i = 1,2,...,n. That is, wy; € rz(x) S rx(v) SO0 vw,; =0, for i =
1,2,...n, yielding (vEn;)(wq;) =0. Thus, (w;;) € 15(VE,;), hence 15(Ep k) € 15(Epyv).
Therefore, vE,; € l5(rs(xEp;) = S(kEy,). S0, we can write vE,; = (d;;)xEy,;, where (d;;) € S,
which implies v =d,,k € Rx. Hence, [z(rz(x)) = Rkx. Conversely, Let B = (bij) €
ls(rs(xEp1)) then rg(xEy;) € 1R(B). Now, if i # 1, then (xEn;)E;; = 0 which implies E;; €
Ts(kEn1) € 15(B) thus BE;; = 0 that is (v;;)(E;;) = 0 hence vy; = 0 for k = 1,2,..,n. So, B =

vi1 0 . . . 0
vy 0 . . . 0
. Then, If v € rz(x) then VE,; € r5(kEy,;) S 15(B). S0, v € 13 (vi1),
Vi 0 . . . 0
fori =1,2,..,n. Thus, rg(x) S rg(v;1) implies Iz (1R (vi1)) S lr(1r (k) thenv;; € Iz (1r(vi1)) S
lrrr(x))=Rx . So, v;;=tyx with t;€R for i=1,...,.n. Thus B=
t;uk 0 . . . 0 0o 0 . . . t11
tyk 0 . . . 0 00 . . . ty

=" ' (kEn1) € S(xE,;).  Therefore,

tpik 0 . . . 0 0o 0 . . . th1
ls(rs(kKEp1)) = S(KEpy).

(2) Let 0 # x € N(R) and take, u = kE,;. Now, M,,(R) is right Whnil-injective. So, by Lemma

2.13. there exists m >1 such that u™ =0 and Is(rs(u)) = Su™. Since n>2, u?=
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0O 0 . . . 0 0 0 . . . 0
0 0 . . . 0 0 0 . ) ) 0

=0. So it must be that m =1 and
k 0 . . . 0 k 0 . . . 0

ls(rg(u)) = Su. Thus R is right nil-injective.

A non-zero right R-module M is said to be s-unital [4], if u € uR for each u € M. If Ry is s-unital,
then R is called a right s-unital ring. If M is a right R-module and S is a subset of R, then we set
[y (S) = {u € M|uS = 0}. HIRANO and TOMINAGA introduced in [13], if M is a right R-module and

Sisasubset of R, then r, (S) = {u € M|Su = 0}. So, if M is aright R-module and a is an element
of R, then ry (o) = {u € M|au = 0}. Finally, if M is a right R-module and « is an element of R,

then I, (o) = {u € M|ua = 0}.

Theorem 2.15. [Theorem1, [4]] If F is a finite subset of a right s-unital ring R, then there

exists an element e € R such that ae = a, forall o € F.

An R-module M is called right nil-injective module if each a € N(R) and each homomorphism

f:aR — M, there exists a homomorphism g: R — M such that f(x) = g(x), for every x € kR [2].
Theorem 2.16 Let M be s-unital module, then the following conditions are equivalent:

(1) Mg is a right nil-injective module.

(2) Iy(rr(a)) = Ma for every a € N(R).

(3) rr(a) S rr(B) where a, B € N(R), then M € oM.

(4) If f:aR = R, a € N(R), is R-linear, then f(a) € Ma.

Proof. (1) = (2) Assume that My, is nil-injective. Given u € [, (rz(a)) such that a € N(R) there
exist an element e’ € R such that ue’ = u. Then, by Theorem 2.15., there exists an element e € R
such that ae = o and e’e = e’. Consider f:aR — M defined by f(oax) = ux. Since M is a nil-

injective, we can find an element v € M with ux = vax, for all x € R. We therefore obtain u =
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ue' = ue = vae = va, which means [, (rz(a)) S Ma. On the other hand, let va € Ma, for some

v € M. Then, vax = 0, for every x € rz(a). Thus, va € [, (rg()) . So that I, (rz(a)) = Ma.

(2)=>(3) Let $,SS,. Then 1,(S,)={ueMluS,=0}C{uecM us, =0=10,(5)}
Suppose o, B € N(R) such that rz(a) S 1x(B). Then, Iy, (rz(B)) S Iy (rr()). Therefore, Mb =
Iy (rr(@) € Ly (rr (@) = Ma.

(3) = (4) First, [g(B) + Ra S lz(BRN1z()) as x € [z(B) + Ra implies that x = y + k«a
where yf = 0. Now, we must show x € [z[BR N rz(a)] . Then, x(BR N rz(a)) = 0. Therefore,
(y+ k) (BRN1z(a)) =0. We have, (y+ka)(BRNrg(a)) ={(y+ ka)Bbt|aft =0,t €
R} = {yBt|t € R = {0}}. Let t =1, then yBt = yB = 0. Thus, y € Iz(B). Therefore I(B) +
Ra S [zBR N rg(a)). Now, let x € [z(BR N 1rx(a)), then x(BR N rx(a)) = 0. This means that
{xBt|aBt = 0,t € R = 0}. So, whenever t € lz(aB),t € lg(xB) showing that rz (af) S rx(xB)
and so Rxf < Raf(by(3)). This implies that xb = paf for some p € R yielding x — pa € Iz ()
that is x € [xg(B) + Ra. Thus, lx(BR N1x(a)) € (Ig(B) + Ra) . Hence, [zx(BRNrz(a)) =
[r(B) + Ra.

(4) = (1) Let f:aR — M be R-linear map with f(a) € Ma. Then, f(a) = ca, for some c € M.
This proves (1). Which completes the proof.

3. Conclusions

In conclusion, our study has demonstrated examples of rings that are nil-injective but not p-
injective. We also attempted to find examples of rings that are Whnil-injective but not nil-injective.
These examples highlight the importance of studying these generalizations, as they different from

the previous types of nil-injective rings.
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