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Abstract

The aim of this paper is to define a new class of the operators defined by A. Lupas for
approximation continuous functions in the interval [0,0). Our purpose is to study the
convergence of this sequence of linear and positive operators and view some approximation
properties which lead us to establish a Voronovskaja-type asymptotic formula for this
operators. Finally, we study the rate of covrgence when we show this operators preserve

properties of modulus of continuity on a continuous function.

Keywords: Korovkin theorem, Weighted space, Voronoviskaja-type formula, Modulus of

continuity, Stirling number.
1.Introduction

At the International Dortmund Meeting held in the Witten (Germany- March-1995), A.
Lupas [1] studied the identity

1
(1-a)*

= Z,‘j’zo%ak, la] < 1, where (.) is the Pochammer’s symbol defined by
(@)g=1,a=#0,

@ =W@(@+1)..(a+k—-1),ke N:={1,2,3,...}.

For more details, see [2], [3] and [4]. By putting @ = nx and for x = 0 he introduced the
sequence of linear positive operators

Lu(f32) = (1 — @)™ Boo T2 ak £(5),
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where the function f:[0,0) — R. After this, depending on the first condition of Bohman —
Korovkin L, (1;x) = 1, Agratini in (1999) [5] found that a = 1/2 for the operators

) o ()
Lp(fix) =27y —or

k=0

k
fe)
He obtained the estimates for the order of the approximation on some finite interval
[0, b], b > 0. Also he established a VVoronoviskaja-type formula.

In (2007), A. Erengyn and F. Tasdelen [4], introduced a generalization of the operators
Ly, by the following operators

. - o (anx) k
L (i) = 270 B 0 £,

where x € Ry: = [0,0), n € N:={1,2,3,..} and {a,},{b,} are unbounded and increasing
sequences of posotive numbers satisfying

o1+ 0(&), 1imnmi= 0.

After that, in (2009), A. Erencyn and F. Tasdelen [6], estimated the rate of convergence
of the Kantorovich — type version with the sequence of the operators L}, .

In (2012), Saddika Tarabie [7], studied the a- statistical convergence of two sequence of
positive linear operators 4,,, K, one of them of discrete type and the other of integral type.

In (2014), Mohammad and Sadiq [2] defined a new sequence of linear positive operators
L,, defined by A. Lupas as follow;

Ln(fix) = o 27 Tico et f (<), (1)

k=0 2k+7 (k4711 n

_ © (Mg +r
where G, = 2 nx Zk=0 2k+r (,]:.r)! (2)

Gy: = Z dn,k+r(x)
k=0

So, we get

dp, (x) = 277 E2r 3)

27 r!
In (2016), Haneen J. Sadiq [8] introduced a genralization of the operators L,, given by (1)
in two dimensions when she defined the operators Ly, ,,, with two variables (x, y) as follows

~ 1 1 -oo o0
Lam(f;x,y) = G_xEZkzo A s () ijo dm,j+s(y) f(

k+r j+s
n’'’m”
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We need some results to use them in this paper

2. Preliminaries
Theorem 1.1 (Korovkin Theorem) [8]:
For x € Ry, f € C, and by applying Korovkin Theorem on the operators

L, (f; x), we have:

1 L (Lx) =1
2- L,(;x) =x+ nzgx dpr(x).

- 2x 6enx+2r+6
3- L;(t%x) =x2 + —+ rd, - (x) [W]

=4 3. _ 3 6x2 6X
4-L,(t%x) = x t——t

r 2 + (nx+r)(3r+nx+ 5)+21+nx(33+7nx)+4r(nx+3)]

8
+ o 0| :

~ 28x3  3511x%2  158x
5- L. (t%x) = x* + +
n( ! ) 5n 105 n? 7 n3

N 16
15 n* G,

1.8214n3x3 + 15.3362n%x2 + 34.6249nx + 1.4285 + r3 + 1.6071r?
X +11.5892r 4 0.4999r2nx + 0.75rn?x? + 5.9642rnx

rdn (%)

Definition2.1 (m~-th order moment): If f € C, and for x € Ry, then T, ,,(x) = L, ((t —

x)™; x) is said to be the 72 —th order moment where m € N, := {0,1,2, ... }.
Lemma 1.1 [8]:Let r € N, then for all x € Ryand n € N, we have

Tn’o (X) = 1 .

Tpa (1) = 770 i (0).

Tn,z(x) = rdn,r(x) (

enx+2r+6 4x 2x
s A L g

3n2G, NGy n'

8r2+2(nx+r)(3r+nx+5)+42+2nx(33+7nx)+8r(nx+3) 2rx+6) 6x
7n3Gy n2Gy

Tn,3(x) = rdn,r(x) (
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~ x3 x? x rx? X
Tra(®) = rdy, (%) [5.9428 ~o t28358 54369332 7 + 48—+ 0.3618 7~ +
3 2 2 2

+ 2227 4 1.0666—— + 1.7142 — — 7.9999 —— + 12.3618 — + 0.5332 2 —

n*Gy n*Gy n*Gy n>Gy n*Gy n>Gy

rX x? x r 24 12x% . 36x
9.1428 5~ — 9.1428~ — — 9.4285 —— — 19.4285 —— — nsz] -+
So, here we deal with a new sequence of linear operators M, ¢ as follow
1 _ 0 X)) k+r t—x
Mos(F(0;%) = = 27 Tiico st f (v + =) (©)

where s > —% IS a convenient approximation coefficient, x € Ry, n € N, R, = [0,x), and

M, s € B, , where P, is the space of polynomials P(x) of degree at most n , for all real numbers

x. Note that this sequence of operators have a form very similar with Szasz-Mirakyan operators.

Definition2.2 (Weighted space)[9]: The classes of functions which satisfying the condition

|f ()]
p(x)’

weighted spaces, where p(x) is a polynomial or exponential function such that continuous,

|f ()| < Mpp(x)  with the norm ||f|l, = Supxefo,o) where p(x) = 2* are said to be

monotonically increasing growths to infinity on [0, ), such that p(x) > 1.

C,: The subspace of all bounded continuous functions f

Remark:

In this paper we define a new operators (9) which represented a generalization of the
previous operators L,, defined in (1). Observe that the new operators M, s given in (9) when we
put s = 0 we get the operators L;, defined in (1) also its consequences. It mean that

Mo (f(£); %) = Gl 9—nx (NX) k4r

¥ k:om f@® = La(f(); %)

3.Auxiliary results

Mn,s(f(t);x) = Gix 27X ZszM f (x n t—x)

2k+T (k1) ns

Firstly we introduce the next lemma
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Lemma 3.1:

For x € [0,%0), m € N° suppose that ¢, .,,(x) = Y=o dnr+r(x) (k+1)™, where

_ o (MxX) g4r
dnjer(x) = 2 ank:OWI,:_T)!'

Then XQO'n‘m‘r(x) = Qon,m+1,r(x) —2 In(2)™ (pn,m,r(x)-
Proof: Applying the derivative

d N d
— Oumr () = ) (k4 ™ = {d e (0}
k=0

= N m -nx d (nx)k+r (nx)k+r
= kZO(k +7) ( 2 a{m} —nln2 {m}>

x"=x(x+DE+2)..(x+n—1)=Ypsr [k :l_ r] Xk
where [, 1 _| = S(n,k + ) is called Stirling number of the first kind [10].

. d = . d
Since —x™ = ¥4 S(nk +71) kxk—1 = — ()4 [10].

So, we need nx™ = (nx) 4y

=nx(nx+1Dnx+2)..(nx+k+r—1) = Z [k i r] (nx)**" = Z S(n, k +1) (nx)*.

k+r k+r

d & n d . n _ d
Then £onx™ = e 1 ) o] 2 07 = Twr [ ] b0t = L (i,
d n -
S0, 2 (N)jcsr = 1 Ty [y ] K0

d = N - n n k-1
T pomr )= D ()" 2 s ) ] ke

k+r

[e¢]

—n Z (k + r)m%lnﬂ)
k+r=0

since (n) = Yiear [ ’l | ke

0

d 1 () 4 N (W) ks
— -nx _ m+1___ ~ /T m__~ ‘>
gz Promr () = 270 kzo(k O gy M@ kzo(k T e e+ )

x(pln,m,r(x) = (pn,m+1,7‘(x) -2 ]n(z)nx (pn,m,r(x)- [ ]
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Lemma 3.2:

For x € [0,0), m € N, suppose that ¥, (%) = Xi—o dnsr(X) (x

- @ (X)) 47
dnjr(x) = 2 ank:OWI,:_T)!'

, where

Then

Yy 1, (0 = 2P’ () = max(n® — Dy g, (x) — (2™ In(2)* —
x(n® = 1)) m,r (2.
Proof: Clearly, Yrm(x) = == Tizo dujerr(¥) (x(n* — 1) + O™,

el

It mean that Y, e (o) = == Tizo A jear (1) (x(n° = 1) + 5

Applying the derivative

1o d k
Y e 0. x* = 1) + =]

k=0

d
a l/)n,m,r (x ) =

m—1

k
i COm (x(0 =D+ ) e - 1)

1 < k+r\™ d
ms;(xm S LA A

m-1

(k=D + D) @)

+ n11ns (x(ns 1)+ k : ‘r')m{ o—nx Z 2k+r—(k ny zk+r [k ] (k + T‘)(Tlx)k+r—1

k=0

—-n ln(Z) Z 2k+(r ()kk"-:r)'} llj'n,m,r(x)

_ m@n® — 1)n=s i ( (- 1)+ k%) -nx (nx) j4r

s L, 2647 (k + 1)!
k+r (NX) j4r
_ -nx
(x(n D+ ) 2 e k4
n In(2) k+r\™ (nx) e 4r
 pnapms (x(ns D ) 27 e (k +1)!

k=0
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mns — Dn~S ¢ k+r\™!
Wi () = = ) (xS =D+ =) g ()

k=0

m

(2 =D+ 7))

n n2) © k+r\™
~ Somrpgms (x(ns -1+ T) dr et r (%)

k=0
W = T2 1 () + S {2 = 1 In(@2)27 e (1)
xSy, () = s — 1) Ynmo1r(0) + o {(k +7) = nx In(2)2" Wy ().

Suppose that I = Yi_on*{(k + r) — nx In(2) 2™}, - (x)

m

nk+r(X) (x(nS -1+ %) n¥{(k + 1) —nx In(2)2™}

o]

n?sti k4+m\™ (k+r
[ = (m+1)SZdnk+r(x) (x(n 1)+ ) {

+x(n°—1)—x(n*—-1)

+x 1n(2)2nx}

o0

25+1 .
n@m+1)s Z A je+r (X) (x(n 1+ >

n2s+1 © + 7
+ — s Z A err (%) (x(n -1+ —) (x In(2)2™ — x(ns — 1))
I= Tl25+11/)n m+1, r(x) + ns+1( ln(z)xznx —x(n® — 1))lpn,m,r(x)
Since xnsy nmr(x) =mx(n® — 1) Ypm-1,(x) +1
Then xnslplnmr(x) = mx(n - 1) lpn,m—l,r(x) + 2+t l/Jn,m+1,r(x) + ns+1{ ln(Z)x 2m —

x(ns - 1)}¢n,m,r (x)

Therefore we obtain;
n?s+t Unmerr(x) = xn°YP nmr(x) mx(n® — 1) Ynmo1,(x) — n*tH{In(2)* 2™ — x(n® —

1)}¢n,m,r (X) . | |
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Theorem 3.1 (Bohman-Korovkin Theorem):

Letf € C),x € Ry, n € Nands > —%, for the operators M,  given by (9) then;

1- M, (1;%) = 1. (10)
2- ns(t x) = X+ 0 5+1G n,r(x)- (11)
4x(nS-1) = 6nx+2r+6
3- nS(t x) = x*+ n2s+i + rdTlT( ){ n2s+ic, + 3n25+26x} (12)
4- M, s(t3x) =
6 -1 6nx+2r+6
x3 + x2 {n35+1 (T(n r dnr(x) +n )} + x{ 3s+2 <(n - 1)rdnr( ) [%] +
8
2>} + m?"dn,r (X)
5 [TZ + (nx+r)(3r+nx+5)+21:nx(33+7nx)+4r(nx+3) . (13)
8(n°-1)3 60(n25—1)+28 6(
5- Mys(t*x) =x*+x { ZHG rd, - (x) + 7;714_7} { Tim [( S —
6nx+2r+6 3511 158 32(nS-1)
1)rdn,r(x) ( 3n2Gy ) + 4] + 105n45+2} tx {7n45+3 + Tn4s+3G, rdnr () [Tz +
(nx+r)(3r+nx+5)+21+nx(33+7nx)+4r(nx+3) }
4
N 16 4 (x)
—_— 7 X
15n4s+4 G, ™7
1.8214n3x3 + 15.3362n%x? + 34.6249nx + 1.4285 4+ r3 + 1.6071r?
X +11.5892r + 0.4999r%nx + 0.75rn?x? + 5.9642rnx (14)

Proof:Clearly by accredition on results in [8] we get
1- M, s(1;x) = 1, by applying Theorem 1.1 equation (4)

1 - 00 ( ) T t—
2+ Moo(t;%) = o= 27 B gt (x+55)

2K+ (k+1)!

NX)gsr xMS-1)+t 1 1 ,_ © NX) kar
=5 2 lkmogtr gy Taw 2 Dm0 gmr ey X =D + 83
_ x(n B 1) 1 9-nx (nx)k+r _I_ii 9-nx (nx)k+r
G o LT+l Gt L2 (k)
x(n°—1)_ 1
GOV ST = Ly(t:)
n
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Applying Theorem 1.1 equation (4) and (5), we get

x(n—-1) 1 2r
= S bt e, ()

nS

So, M, s(tx) = x +—7— s+1G Ay ()

N2
3 Mo s(t35%) = o= 27 sy s (x +55)

2k+7 (k1) ns

_ 1 — - (NX) kar x(ns —1) +t\°
G, i 2k+7 (k4 1)! ns

1 1 = nx
—nx (NX) o4 {xz(ns - 1?2+ 2tx(n*—1) + tz}

TGy n® 2K+ (k+1)!
k=0
2 2 © o0
Gl L RPN L Y, IGHE VE P TP
n G, k—02 +r (k+T')! n+s G, _02 +r (k+7")!
+il -nx (nx)k+7‘ 2
n% G, 27 (k + 1)l
k=0
x*(n® —1)7 . 2x(n® —1) . 1.,
= — n2s Ln(l; )+ TLn(t;X) +ﬁLn(t ;X),

Directly, applying Theorem 1.1 equation (4), (5) and (6), we get

x?(ns — 1)2 2x(ns —1) 2r 2x 6nx +2r+6

= n2s n2s {x+— nG, dpr(X)} + {x + — +rdp, (%) 3n2G,
n*—-1)? 2n°-1) 4x(nS—1) 6nx+2r+6

— .2

=X { n2s + n2s + n2s T o nzs+1 +rdy (%) n2s+iG, + 3n25+2G,

we obtained, ]Vl‘n's(tz x) = x*+ +rdy, (x ){4x(n -1) n 6nx+2r+6}

n2s+1 25416, 3n25+2¢,

N
4'Mn,s(t3;x) = 1 2~ nx 2(;{0_0 (NX) 47 (x + t x)

Gy S02k+7 (k41! ns

®© 3
- p-nx (nx)k+r x(ns - 1) +i
G, £ 2947 (k + 1) ns
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1 1 S (nx)
= G n3S 27X Z m {x3(n5 - 1)3 + 3X2(TLS - 1)2t + SX(TLS - 1)t2 + t3}
k=0

) P P S ST WP LT
n35 G, i 247 (k + 71)! n3s G, — 2K+ (k +71)!

N 3x(n®-1) 1 Z_nxz (NX) j4r .2
n3s Gy — 2k (k +1)!

+Ll Z_nxz (NX) ey 3
n3s G, = 2K+ (k +1)!

x3(ns —1)3 _ 3x%2(ns —1)% _ 3x(n° —1) I
= TLn(lix)‘FTLn(t;x)'l'T (% X)

1 3
o5 Ln (75 %)

Applying Theorem 1.1 equation (4), (5), (6) and (7), we get

xS —-1)2% 3x?2(n®-1)>? 2r

( : )+ ( ){x+
n3s n3s nG,

3x(n—1)

n3S

dnr ()}

6nx + 2r + 6]}

{ +—x+rdnr(x)[ n2G,

1(, 6x* 6x
+3 X +T+F
8
7 3s+SG rdnr(x)
(nx+7r)(3r+nx+5)+ 21 +nx(33 + 7nx) + 4r(nx + 3
+
4
, (¥ =1)° 3(n°—1)? 3(n -1) , 6r(n® —1)? 6(n°—1)
= n3s + n3s n3s +ﬁ +x7{ N3G, dpr(x) + 35+l
6 3(n —1) 6nx+2r+6 6
n3s+1} +x { nr( )[ ] n35+2}
8
Ry 7n3s+3G, rdnr(x)l
(nx+r)3r+nx+5)+21+nx(33 + 7nx) +4r(nx + 3
+
4
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5 {(ns -1 +3n* —1)*+3(n°—-1) + 1} + xz{n3§+1 <r(ns Dk () + n5>}

n3s G,
bnx +2r+6
+ x{—=— 12 (n® — Drd, - (x) [—G] +2 |}
X

8
7 3s+30 rd"’"(x)l

N (nx +r)(3r +nx +5) + 21 + nx(33 + 7nx) + 4r(nx + 3)
4

My s(t3x) =x3 +x

6 (r(ns —1)?

2
{n35+1 Gx

dnr (%) + ns>}

2Gy

+ x{—=— T ((n — Drd, - (x) [M] + 2)}

8 ,  (nx+7)3r +nx+5)+ 21+ nx(33 + 7nx) + 4r(nx + 3)
+7nT+36xrd"'r(x) re+ 1
1 = nx t—ox\*
Moy (th0) = = 2ome Y - (err (r+=)

G, £ 297 (k + 1)

1 1 . nx
T 2 % {x*(n® — D* + 43 (n° = 1)t + 6x* (n® — 1)%¢?
k=0

+ 4x(n® — D3 + t*}

x*(ms —1D* | 4x3(ns —1)3 _ 6x*(n° —1)% _
= T L (1X) +T Ln(t;X) +T Ln(t ;X)
4x(n -1) 1 .
t— L,(t%x )+ﬁ L,(t%x)

Applying Theorem 1.1 equation (4), (5), (6), (7) and (8), we get
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x*mS —1)*  4x3(ns-1)3 2r
- n4s + n*s {x + nG, nr (x)}
6x%(ns — 1) 2x 6nx +2r +6
e { + 4 rdy, () [—Gx ]}

+—+—

4x(ns—1 6x 6x
RECEDY RN
n n

n4s

(nx +r)(3r + nx +5) + 21 + nx(33 + 7nx) + 4r(nx + 3) }
4

2
+ TG, rdy, - (x) [r +

{4 28x3  3511x? 158«

1
t s 5n+105n2+7n3

n4s

16

1.8214n3x3 + 15.3362n%x? + 34.6249nx + 1.4285 + 3 + 1.6071r?
+ 15 n* G,

rdpr(x) [ +11.5892r + 0.4999r%nx + 0.75rn%x2 + 5.9642rnx

S_1)4 S_1)3 S_132 s_ 5413
My (th0) = 1t { S50 22 SO2D B 2D ) 2y 3 (S0

nas n4s n4s n4s n4s+i Gy rdn.T' (x) +

12(n5-1)2 = 24(n°-1) 28 2 (6(n5—1)2 6nx+2r+6 24(nf-1) 3511
n4s+1 n4s+1 5n4s+1 + n4s+2 nr( ) 3nZGx n4-s+2 105n4s+2

158 32(n—1) ,
tx Tn4s+3 Tn4s+3 Gy rdnﬂ"(x) r
N (nx +r)(3r + nx + 5) + 21 + nx(33 + 7nx) + 4r(nx + 3) }
4

16 1.8214n3x3 + 15.3362n%x? + 34.6249nx + 1.4285 + 13 + 1.6071r?
+ Wrdn,r(x) +11.5892r + 0.4999r%nx + 0.75rn?x? 4+ 5.9642rnx
X
8(n — 1)° 60(n? — 1) + 28
Mn’s(t‘*; x) = x* + x3 {Wrdn'r(X) + Toastl
6(n*—1) 6nx +2r + 6 3511
g { n#s+Z [( T Drd’”(x)( 3n2G, ) ] " 105n45+2}

158
+t X Tn4s+3
32(n° — 1)
Tusrag, () [rz

N (nx+7r)(3r+nx+5) + 21 + nx(33 + 7nx) + 4r(nx + 3) }

4

16

+ ——rd, - (x)
15 n4st+4 G, nr
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1.8214n3x3 + 15.3362n%x? + 34.6249nx + 1.4285 + r3 + 1.6071r?
X +11.5892r + 0.49997r%nx + 0.75rn%x? + 5.9642rnx : n

The next lemma, we view the sn—th order moment of the operators M, ; as follows
Tnsm(x) = M, s((t — x)™; x) where m € Ny = {0,1,2,...}. In this lemma we used Theorem
1.1 above to prove it.

Lemma3.3:Letr eN,s > —%then forall x € Ryand n € N, we have

1- 71'1,5,0(35) =1, (15)
2
2- Tns1(x) = =5 rdp,r (%), (16)
X
2x 4(nS-1) | 6nx+2r+6 4x
3- 7;1,5,2 (x) = m + rdTl,T (X) (n25+1Gx 3n2s+26, - n5+1Gx)’ (17)
6x 6x%-12x+6) . 12x(1—x) 6x2 6nx2+2rx+6x
4- 7;1,5,3 (x) = n3s+2 + rdn,r (X) ( ns+iG, n2s+ig, n3s*tic, n3st2g, -
6nx2+2rx+6x 8r2+2(nx+r)(3r+nx+5)+42+2nx(33+7nx)+8r(nx+3)
n25+2(;x ) + rdn,?"(x) [ 7n35+3Gx ] (18)
60n?5-32  24n° 12 8(n°-1)%  24(n®-1)2 8 ) rdnr(x)
5- 71'1,5,4(36) = x3{ Spdstl  p3s+1 + n25+1} + x3{ nas+1 p3s+1 n5+1} Gy +
. 2.520n° + 3508.48 24
B { 105n45+2 _n35+2}
,(2(n® —1)?(6nx + 2r +6)  4(n° — 1)(6nx + 21 + 6)
+x nis+2 - n3s+2
24(n® —1) 2(6nx +2r +6))rd,(x)
n25+1 n25+2 Gx
158
+x 7n4s+3
32n" rdp, (%) |
- 7n35+3Gx r
N (nx+7r)(3r+nx +5) + 21 + nx(33 + 7nx) + 4r(nx + 3)
4
16
+ S g " (%)
1.8214n3x3 + 15.3362n°%x? + 34.6249nx + 1.4285 + r3 + 1.6071r?
X +11.5892r 4 0.4999r?nx + 0.75rn?x? + 5.9642rnx (19)
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Next, we establish a Voronoviskaja-type formula.
Theorem 3.2 (Voronoviskaja Theorem):
Let f € C,, be twice differentiable and continuous at x € (0, ), then

lim n* {M, 5 (f; %) — £ ()}

~ 1) {0}

., 2(n*=1) 3nx+r+3 2x
+ f (x){ s+1 + rdn?’( )< 25+1Gx + ns+sz o nGx>}
Proof: By Taylor's expansion of f about x;
- ) @ 0 e 2 (4 -
fO=f)+Et—x)f+ - fx)+ (t—x)elt;x) if t+x,
where e(t;x) > 0ast » x

. t—x
Substitute t by (x + F)

f(

where ¢ is bounded function and limy_, £(h) = 0. Now by applying the operators M,  defined
in (9), we get;

t —Sx) =f(x) + (t 7:Sx)f'(x) + (t ;Sx)z Ef”(x) + s(t ,:sx)]'

Moo (f32) = Q) + Ty COF G +27,, 0,00 "0 + 9 ((52) e (52) ).
Mn,s(f; x) —f (x)
~ (T O} @)

X 2m*—=1) 3nx+r+3 2x ,
+ {n25+1G + rdnr(x)( 25+1Gx + 3n25+ZGx - ns+1Gx)}f (x)

+26s((2) o (55 )

applying Lemma 3.3 observe that n7,, ;1 (x) = 0 as n — o.
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lin 12 (32 = () = o D £ GO

2(n® —=1) 3nx+r+3 2x
+{ sig, T Tnr( )( TG, | 3n5veG, >}f )
2

t—x t—x
+1111_r)130n]v[ns ( ns ) g( ns );x
Recalling Cauchy- Schwarz inequality and equation (17), we obtain
1
. t—x\% /t—x ,(t—x 2 - t —x\*
Mo (ns ) g( ns );x = Mn’s<£ (ns );x) A\ P Mns (ns ) X

From Theorem 3.1 and the properties of &, we get:

N[~

t—x

limy, o Mg (2 (55) 5 %) = limy, My o (2(6);6) = 2(x) =0, then

n—oo

t—x . ” 2
llm]v[ns( ( - );x) = lim M, (£2(0); %) = () = 0.

Now, from Lemma 3.3, we get:

n* M, s ((:Sx)z € (:Sx) ; x) —»0as n— oo

Therefore,
limg 12 (Mo s (F (8;2) = F (0} = { v (O} £ () + i + e (0 (B2 +
e, e} @ .

4. Rate of Convergence
Definition 4.1[11] (Modulus of continuity):

Let f € C[a, b]. For § > 0, then the modulus of continuity w(f; &) is defined by
w(f;6) = Supje—xi<slf (t) — f(x)|, forevery t,x € [a, b], for a,b € R.

Next, for the order of approximation we give the following theorem:
Theorem 4.1[11]: Let f € C,, then | M, 5(f; %) — £ ()| < 2w(f; 6),

_ 4(nS-1) , 6nx+2r+6 4x
Where 6= \/n25+1G + rdnr(x)( 25416, + 3n25+2G, - n5+1Gx)

Proof: By using the well-known property of modulus of continuity
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|t — x|
If@®) = F) < w(f; 5)( +1
Since the polynomials M, ;(f; x) are linear positive operators, then we get

M, (3 %) = F )] < (3Min,IE = x15) + 1) w0 (f3 6)
Applying Cauchy- Schwartz inequality, (10) and (17) we have

[96,5 (3 ) = FGO] < (£ 6) (% [0t -2+ 1)

< w(f8) (%( |7;1,s,2<x>|> v 1)

1 2x 4n*—-1) 6énx+2r+6 4x
< w(f;8) 5 n2s+iG, +7rdn(x) ( n2s+iG, + 3n25+2G, - n5+1Gx) +1

4(nS-1) , 6nx+2r+6 4x
ChOOSE 5 \/ 25+1G +Tdnr( )( 25+1G + 3n25+2Gx _ns+1Gx)

Hence, we get

| Mo, (f; 2) = F(0)] < 200(f5 6) -
Theorem 4.2: Let f € C, onthe interval [0, o). Then for a real number M > 0, the limit
relation lim,_,., M, s(f;x) = f(x),

holds uniformly on the interval [0, M].

Proof: By using (10), (11) and (12) from Theorem 3.1 we can see that:
| M5 (15 %) — 1||C[0'M] =0

2r

”Mn,s(t; x) - x”C[O,M] = x€[0, )151] ns+1G TlT‘(x)

2r

ns+1GM

dp,r(M) > 0asn — oo,

5 5 2x 4n*—-1) 6nx+2r+6
”Mn»S(t ;x) X ”C[O,M] = xrerfgﬁ] <n25+1 + rdnr(x){ 25+1Gx + 3n25+20x })

4(nS-1) | 6nM+2r+6
n25+1GM 3n25+2GM

+rd, (M) { } — 0 for sufficiently large n.

- ZS+1

The proof of Theorem 4.2 can be obtained by P. P. Korovkin [12]. [
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