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Abstract 

 The aim of this work is to study the 𝑇-periodic solution of neutral type of stochastic 

functional differential equations with infinite delay (NSFDEwID), where we used the Lyapunov’s 

second method to show the boundedness of the solution 𝑥(𝑡) and the solution map 𝑥𝑡 to the above 

equations. Contraction mapping principle and Banach fixed point theorem are used in this work. 

We introduced an example in the end of this paper to illustrate the results of this work. 
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1  Introduction 
 

It is well known that the periodic phenomena have significant roles in nature, many 

systems behave periodically, for example, an average of repair or failed an item in a product, the 

wave vibration, the life cycle, environmental adjustments in four seasons, a satellite orbiting the 

Earth. Nevertheless, the challenge is how to get the periodic solutions of some periodic attitude 

after modelled via differential systems, whether the differential system is ordinary or stochastic. 

However, in the sensible case, the systems are often subject to stochastic perturbation. So, recently, 

the periodic solutions of SDEs have attracted great interests due to their applications in many ways. 

We refer the reader to [1-5] and references therein. Zhang and his colleagues [6] adopting the 

definitions 3.3 and 3.4 investigated the existence and uniqueness of stochastic periodic solutions to 

SDE in the form: 

 

                      𝑑𝑥(𝑡) = 𝑏(𝑡; 𝑥(𝑡))𝑑𝑡 + 𝜎(𝑡; 𝑥(𝑡))𝑑𝑤(𝑡)    𝑡 ≥ 0.                                     (2.1) 

 

 Hu and Xu [7] have investigated on the periodic stochastic Lotka-Voltra competitive-model with 

bounded delays and the periodic stochastic neural networks with infinite delay. They have 

generalized and improved the corresponding results in [4, 5,7, 8], where the existence theorems are 

generalized of 𝑀-valued periodic Markov process and 𝑀 is a Polish space. Asker in [9, 10] studied 

Wellposedness and stability of neutral stochastic functional differential equations with infinite 

delay (NSFDEwID) in state space with the fading memory 𝐶𝑟. 

The organization of this paper is as follow: preliminaries and proofs of required Lemmas by using 

Lyapunov’s second method introduced in section 2. In section3 we study the 𝑇-periodic stochastic 

process by using contraction mapping principle and Banach Fixed Point Theorem. 

 In order to explain our results we introduce an example in section 4. 
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2  Perliminaries 
 
       Throughout this paper, unless otherwise specified, we use the following notation. 𝑅𝑑 denotes 

the usual d-dimensional Euclidean space, | ⋅ | norm in 𝑅𝑑. If 𝐴 is a vector or a matrix, its transpose 

is denoted by 𝐴𝑇; and |𝐴| = √ 𝑡𝑟𝑎𝑐𝑒 (𝐴𝑇𝐴) its trace norm. Denote by 𝑋𝑇𝑌 the inner product of 

𝑋, 𝑌 ∈ 𝑅𝑑. We choose the state space with the fading memory to be 𝐶𝑟 defined as follows: for 

given positive number  𝑟,  

   

        𝐶𝑟 = {𝜑 ∈ 𝐶((−∞, 0]; 𝑅𝑑): ∥ 𝜑 ∥𝑟= 𝑠𝑢𝑝−∞<𝜃≤0𝑒𝑟𝜃|𝜑(𝜃)| < ∞},                          (2.2) 

 

 where 𝐶((−∞, 0]; 𝑅𝑑) denotes the family of all bounded continuous 𝑅𝑑-value functions 𝜑 defined 

on (−∞, 0]  to 𝑅𝑑  with the norm ∥ 𝜑 ∥𝑟 . 𝐶𝑟  is a Banach space with norm 

∥ 𝜑 ∥𝑟= 𝑠𝑢𝑝−∞<𝜃≤0𝑒𝑟𝜃|𝜑(𝜃)| < ∞ , see [15, 2], contains the Banach space of bounded and 

continuous functions and for any 0 < 𝑟1 ≤ 𝑟2 < ∞, 𝐶𝑟1
⊂ 𝐶𝑟2

. 

     Let (𝛺, 𝐹, 𝑃) be a complete probability space with a filtration {𝐹𝑡}𝑡∈[0,+∞) satisfying the usual     

conditions (i.e. it is right continuous and 𝐹0 contains all P-null sets). Let 𝐾 denote the family of all 

continuous increasing functions 𝜅: 𝑅+ → 𝑅+ such that 𝜅(0) = 0 while 𝜅(𝑢) > 0 for 𝑢 > 0. Let 𝐾∨ 

denote the family of all convex functions 𝜅 ∈ 𝐾  while 𝐾∧  denote the family of all concave 

functions 𝜅 ∈ 𝐾 [11]. Let 𝐼𝐵 denote the indicator function of a set B. 𝑀2([𝑎, 𝑏]; 𝑅𝑑) is a family of 

process {𝑥(𝑡)}𝑎≤𝑡≤𝑏  in 𝐿2([𝑎, 𝑏]; 𝑅𝑑) such that 𝐸 ∫ |𝑥(𝑡)|2𝑑𝑡 < ∞
𝑏

𝑎
 . The notation 𝑃(𝐶𝑟) denotes 

the family of all probability measures on (𝐶𝑟 , 𝐵(𝐶𝑟)) . Denote 𝐶𝑏(𝐶𝑟)  the set of all bounded 

continuous functional.  

    For any 𝐹 ∈ 𝐶𝑏(𝐶𝑟), 𝐹: 𝐶𝑟 → 𝑅  and 𝜋(⋅) ∈ 𝑃(𝐶𝑟), let 𝜋(𝐹): = ∫ 𝐹(𝜙)𝜋(𝑑𝜙).
𝐶𝑟

  𝑀0  stands for 

the set of probability measures on (−∞, 0] , namely, for any 𝜇 ∈ 𝑀0 , ∫ 𝜇(𝑑𝜃) = 1.
0

−∞
 For any 

𝑟 > 0, let us further define 𝑀𝑟 as follows, see [12]:  

 𝑀𝑟: = {𝜇 ∈ 𝑀0; 𝜇(𝑟): = ∫ 𝑒−𝑟𝜃𝜇(𝑑𝜃) < ∞
0

−∞
 }. (2.3) 

 Obviously, there exist many such probability measures and here we supply an example:  

 

Example 2.1   let  𝜇(𝑑𝜃) = 𝑒𝛽𝜃𝑑𝜃. Clearly, for any q < β,  

 𝜇(𝑞) = ∫ 𝑒−𝑞𝜃𝑒𝛽𝜃𝑑𝜃
0

−∞
 =

1

𝛽−𝑞
∫ (𝛽 − 𝑞)𝑒𝜃(𝛽−𝑞)𝑑𝜃 =

1

𝛽−𝑞
< ∞,

0

−∞
  (2.4) 

 Which implies 𝜇(𝑞) ∈ 𝑀𝑞 for any𝑞 < 𝛽.  

 Consider a 𝑑-dimensional neutral stochastic functional differential equations with infinite 

delay  

𝑑{𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)} = 𝑏(𝑡; 𝑥𝑡)𝑑𝑡 + 𝜎(𝑡; 𝑥𝑡)𝑑𝑤(𝑡), 𝑥0 = 𝜉 = {𝜉(𝜃): −∞ < 𝜃 ≤ 0} ∈ 𝐶𝑟 ,       (2.5) 

 where  

 𝑥𝑡 = 𝑥(𝑡 + 𝜃): −∞ < 𝜃 ≤ 0 
 

 and 𝑏, 𝐷: 𝑅 × 𝐶𝑟 → 𝑅𝑑 , 𝜎: 𝑅 × 𝐶𝑟 → 𝑅𝑑×𝑚  are Borel measurable, 𝐹𝑡 -adapted and there is some 

positive constant 𝑇  such that 𝑏(𝑡 + 𝑇; 𝜙) = 𝑏(𝑡; 𝜙), 𝜎(𝑡 + 𝑇; 𝜙) = 𝜎(𝑡; 𝜙)𝑎𝑛𝑑 𝐷(𝑡 + 𝑇; 𝜙) =
𝐷(𝑡; 𝜙)and 𝜉(𝑡 + 𝑇) = 𝜉(𝑡) for any 𝑡 ∈ 𝑅 and 𝜙 ∈ 𝐶𝑟 , i.e. 𝑏 , 𝜎, 𝐷 and the initial data 𝜉 are  𝑇-

periodic in time 𝑡. 𝑤(𝑡) is an 𝑚-dimensional Brownian motion. Also, the coefficients 𝑏(𝑡; 𝑥𝑡), 

𝜎(𝑡; 𝑥𝑡) and the neutral term 𝐷(𝑡; 𝑥𝑡) of the system (2.5) satisfy the following assumptions: 
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 (A1) For 𝜇 ∈ 𝑀2𝑟 and 𝜑, 𝜙 ∈ 𝐶𝑟 there exist 𝑘 ∈ (0,1) with 𝜇(2𝑟) < 1 such that:  

 |𝐷(𝑡; 𝜑) − 𝐷(𝑡; 𝜙)|2 ≤ 𝑘 ∫ |𝜑(𝜃) − 𝜙(𝜃)|2𝜇(𝑑𝜃)
0

−∞
 ,    𝑎𝑛𝑑    𝐷(0; 0) = 0 (2.6) 

  (A2) Let 𝑏  be a continuous function. Assume there exist constants 𝜆1, 𝜆2, 𝜆3, 𝜆4 > 0  , and 

probability measure 𝜇 ∈ 𝑀2𝑟 such that for any 𝜑, 𝜙 ∈ 𝐶𝑟  

[𝜑(0) − 𝜙(0) − (𝐷(𝑡; 𝜑) − 𝐷(𝑡; 𝜙))]𝑇 [𝑏(𝑡; 𝜑) − 𝑏(𝑡; 𝜙)] ≤ −𝜆1|𝜑(0) − 𝜙(0)|2   + 

        𝜆2 ∫ |𝜑(𝜃) − 𝜙(𝜃)|2𝜇(𝑑𝜃),
0

−∞
                                                                                   (2.7) 

 And for any function 𝜎  

 |𝜎(𝑡; 𝜑) − 𝜎(𝑡; 𝜙)|2 ≤ 𝜆3|𝜑(0) − 𝜙(0)|2 + 𝜆4 ∫ |𝜑(𝜃) − 𝜙(𝜃)|2𝜇(𝑑𝜃).
0

−∞
  (2.8) 

  

Lemma 2.1 Assume that D, b and σ satisfy the conditions (2.6), (2.7) and (2.8) respectively, then 

there exists a unique global solution of the system (2.5).  

 Under Assumptions (A1) and (A2) , we observe that the system (2.5) has a unique global 

continuous solution x(t) on t > 0 almost surely, which is continuous and Ft - adapted and can be 

express as follows:  

 𝑥(𝑡) = 𝜉(0) − 𝐷(0; 𝜉) + 𝐷(𝑡; 𝑥𝑡) + ∫ 𝑏(𝑡; 𝑥𝑠)𝑑𝑠
𝑡

0
 + ∫ 𝜎(𝑡; 𝑥𝑠)𝑑𝑤(𝑠).

𝑡

0
  (2.9) 

 For the obvious benefit of Lyapunov’s second method that does not need the knowledge of 

solutions of equations and thus has demonstrated great power in applications, we apply it here to 

prove the required lemmas. There are several references usable explain the main ideas of 

Lyapunov’s second method for SDEs e.g, Khasminiskii [3], Mao [5], Kushner [12] and Arnold 

[14]. 

Now, 

if 𝑉 ∈ 𝐶2,1(𝑅𝑑 × 𝑅+; 𝑅+), define the operator 𝐿 such that 

 

 𝐿[𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))] =  𝑉𝑡(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) + 𝑉𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))𝑏(𝑡; 𝑥𝑡)   

  + 
1

2
 𝑡𝑟𝑎𝑐𝑒[𝜎𝑇(𝑡; 𝑥𝑡)𝑉𝑥𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))𝜎(𝑡; 𝑥𝑡)], 

 Where: 

𝑉𝑥 = (
𝜕𝑉

𝜕𝑥1
, ⋯ ,

𝜕𝑉

𝜕𝑥𝑛
), 𝑉𝑥𝑥 = (

𝜕2𝑉

𝜕𝑥𝑖𝜕𝑥𝑗
)𝑛×𝑛,    𝑖, 𝑗 = 1, … , 𝑛. 

The following lemma gives a criterion on the boundedness of 2-th moment for the solution.  

 

Remark 2.2 [12, 9] Noting that for any positive λ < 2r, correspond to the definition of the norm 

∥ xt ∥r
2, it is easy to see that:  

 𝐸 ∥ 𝑥𝑡 ∥𝑟
2 = 𝑒−𝜆𝑡𝐸 ∥ 𝜉 ∥𝑟

2+ 𝐸(𝑠𝑢𝑝0<𝑠≤𝑡|𝑥(𝑠)|2).  (2.10) 

  

Lemma 2.3 For the system (2.4) let Assumptions (A1) and  (A2) hold. If, in addition, there exist 

functions 𝑉 ∈ 𝐶2,1(𝑅𝑑 × 𝑅+; 𝑅+), 𝜅1 ∈ 𝐾∨, 𝜅2 ∈ 𝐾∧ and positive numbers λ, β such that  

 

 𝜅1(𝑠𝑢𝑝0<𝑠≤𝑡|𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠)|2) ≤ 𝑉(𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠))                                                                  
                               ≤ 𝜅2(𝑠𝑢𝑝0<𝑠≤𝑡|𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠)|2)                                    (2.11)                    

    and 

 𝐿𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) ≤ −𝜆𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) + 𝛽                                  (2.12) 

 for all 𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠) ∈ 𝐶𝑟. Then for any initial value 𝜉 ∈ 𝐶𝑟, the 2-th moment of the solution 

𝑥(𝑡) of equation (2.5) is bounded, say  
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 𝐸|𝑥(𝑡)|2 ≤ 𝐾 (2.13) 

 for all 𝑡 ≥ 0, where 𝐾 is a positive constant. Moreover,  

 𝐸 ∥ 𝑥𝑡 ∥𝑟
2≤ 𝐾. (2.14) 

  

Proof: For each integer 𝑘, define the stopping time  

 𝜏𝑛 = 𝑖𝑛𝑓{𝑡 ≥ 0: ∥ 𝑥𝑡 ∥𝑟≥ 𝑛} = 𝑖𝑛𝑓{𝑡 ≥ 0: |𝑥(𝑡)| ≥ 𝑛}, 
 it is clear that 𝜏𝑛 ↑ ∞ a.s. as 𝑛 → ∞. By Itô’s formula, we have  

 𝐸[𝑒𝜆(𝜏𝑛∧𝑡)| 𝑉(𝑥(𝜏𝑛 ∧ 𝑡)) − 𝐷(𝜏𝑛 ∧ 𝑡; 𝑥𝜏𝑛∧𝑡)|2] = 𝐸[𝑉(𝑥(0) − 𝐷(0; 𝑥0))]   +

𝐸 ∫ 𝑒𝜆𝑠𝐿𝑉(𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠))𝑑𝑠
𝜏𝑛∧𝑡

0
 + 𝜆𝐸 ∫ 𝑒𝜆𝑠𝑉(𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠)𝑑𝑠.

𝜏𝑛∧𝑡

0
  (2.15) 

 By (2.11) and (2.12), it follows that  

𝐸[𝑒𝜆(𝜏𝑛∧𝑡)𝜅1(|𝑥(𝜏𝑛 ∧ 𝑡) − 𝐷(𝜏𝑛 ∧ 𝑡; 𝑥𝜏𝑛∧𝑡)|
2

)] ≤ 𝐸[𝜅2(|𝑥(0) − 𝐷(0; 𝑥0)|2)] + 𝐸 ∫ 𝑒𝜆𝑠𝛽𝑑𝑠.
𝜏𝑛∧𝑡

0

  

 If 𝑛 → ∞, then  

 𝐸[𝑒𝜆𝑡𝜅1(|𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)|2)] ≤ 𝐸[𝜅2(|𝑥(0) − 𝐷(0; 𝑥0)|2)] +
𝛽

𝜆
[𝑒𝜆𝑡 − 1], 

 Thus  

 𝐸[𝜅1(|𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)|2)] ≤ 𝐸[𝑒−𝜆𝑡𝜅2(|𝑥(0) − 𝐷(0; 𝑥0)|2)] +
𝛽

𝜆
[1 − 𝑒−𝜆𝑡]. 

 Jensen’s inequality yields to  

 𝜅1(𝐸[|𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)|2]) ≤ 𝑒−𝜆𝑡𝜅2(𝐸[|𝑥(0) − 𝐷(0; 𝑥0)|2]) +
𝛽

𝜆
. 

 Hence  

 𝐸[|𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)|2] ≤ 𝜅1
−1(𝑒−𝜆𝑡𝜅2(𝐸[|𝑥(0) − 𝐷(0; 𝑥0)|2]) +

𝛽

𝜆
). (2.16) 

     By the assumption (A1), the fact [(3.14), from [2]] and the equation (2.16), for any 

 𝜀 > 0, we have  

  𝑠𝑢𝑝0<𝑠≤𝑡(𝐸[|𝑥(𝑠)|2]) = 𝑠𝑢𝑝0<𝑠≤𝑡(𝐸[|𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠) + 𝐷(𝑠; 𝑥𝑠)|2])                    

≤ [1 + 𝜀]𝑠𝑢𝑝0<𝑠≤𝑡(𝐸[|𝑥(𝑠) − 𝐷(𝑠; 𝑥𝑠)|2]) + [
1

𝜀
+ 1]𝑠𝑢𝑝0<𝑠≤𝑡(𝐸[|𝐷(𝑠; 𝑥𝑠)|2]) 

       ≤ [1 + 𝜀]𝜅1
−1(𝑒−𝜆𝑡𝜅2(𝐸[|𝑥(0) − 𝐷(0; 𝑥0)|2]) +

𝛽

𝜆
)   + 𝑘[

1

𝜀
+ 1][𝑒−𝜆𝑠𝜇(𝜆)𝐸 ∥ 𝜉 ∥𝑟

2+

                 𝑠𝑢𝑝0<𝑠≤𝑡(𝐸|𝑥(𝑠)|2)], 
 

 Take 𝜀 >
𝑘

1−𝑘
 implies 𝛾 = 𝑘(1 +

1

𝜀
) < 1, we arrive at  

𝑠𝑢𝑝0<𝑠≤𝑡(𝐸| 𝑥(𝑠)|2) ≤
1+𝜀

1−𝛾
𝜅1

−1(𝑒−𝜆𝑡𝜅2(𝐸[|𝑥(0) − 𝐷(0; 𝑥0)|2]) +
𝛽

𝜆
)       

                                          +
𝛾𝑒−𝜆𝑠𝜇(𝜆)

1−𝛾
𝐸 ∥ 𝜉 ∥𝑟

𝑝
 ,                                                             (2.17)               

                                                      

 Hence, 

 𝑙𝑖𝑚𝑠𝑢𝑝𝑡→∞(𝐸| 𝑥(𝑡)|2) ≤
(1+𝜀)

(1−𝛾)
𝜅1

−1(
𝛽

𝜆
).  (2.18) 

 

 Thus, there exist a 𝑆 > 0  such that 𝐸|𝑥(𝑠)|2 ≤
1.5(1+𝜀)

1−𝛾
𝜅1

−1(
𝛽

𝜆
) for all𝑡 ≥ 𝑆 . Also, because of 

continuity of |𝑥(𝑠)|2, there is a 𝐾0 > 0 such that |𝑥(𝑠)|2 ≤ 𝐾0 for𝑡 ≥ 𝑆. 

 Let 𝐾 = 𝑚𝑎𝑥{
1.5(1+𝜀)

(1−𝛾)
𝜅1

−1(
𝛽

𝜆
), 𝐾0}, this mean we have for all 𝑡 ≥ 0, 𝐸|𝑥(𝑠)|2 ≤ 𝐾 . Moreover, 

since  
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 𝐸 ∥ 𝑥𝑡 ∥𝑟
2≤ 𝑒−𝜆𝑡 ∥ 𝜉 ∥𝑟

2+ 𝐸(𝑠𝑢𝑝0<𝑠≤𝑡|𝑥(𝑠)|2),  (2.19) 

 Thus,  

 𝑙𝑖𝑚𝑠𝑢𝑝𝑡→∞(𝐸 ∥ 𝑥𝑡 ∥𝑟
2) ≤ 𝐾.  

  

Now we consider the difference between two solutions of (2.4) starting from different 

initial data, that is  

 

𝑑 (𝑥(𝑡; 𝜉) − 𝑥(𝑡; 𝜂) − 𝐷(𝑡; 𝑥𝑡(𝜉)) + 𝐷(𝑡; 𝑥𝑡(𝜂))) = {𝑏(𝑡; 𝑥𝑡(𝜉)) − 𝑏(𝑡; 𝑥𝑡(𝜂))}𝑑𝑡  +

                             {𝜎(𝑡; 𝑥𝑡(𝜉)) − 𝜎(𝑡; 𝑥𝑡(𝜂))}𝑑𝑤(𝑡),                                             (2.20) 

 

 Where, 𝑥(𝑡; 𝜉) and 𝑥(𝑡; 𝜂) two different solutions with two different initial data 𝜉, 𝜂 to the system 

(2.5). The following lemma will show that 𝐸 ∥ 𝑥𝑡(𝜉) − 𝑥𝑡(𝜂) ∥𝑟
2 is uniformly continuous on [0, ∞), 

which will be used later. And the idea for our proof comes from [6,9,11]. 

 

Lemma 2.4 Suppose all the conditions of Lemma 2.3 hold and 2𝜆1 > 73𝜆3 + 2𝜆2𝜇(2𝑟) +

73𝜆4𝜇(2𝑟) and 𝜆 ∈ (0,
1

𝑀
[2𝜆1 − 73𝜆3 − 2𝜆2𝜇(2𝑟) − 73𝜆4𝜇(2𝑟)] ∧ 2𝑟) where 𝑀 = (1 + 𝑘)(1 +

𝜇(2𝑟)). Then 𝐸 ∥ 𝑥𝑡(𝜉) − 𝑥𝑡(𝜂) ∥𝑟
2 are uniformly continuous on the entire 𝑡 ∈ [0, ∞). Moreover, 

𝑙𝑖𝑚
𝑡→∞

𝐸 ∥ 𝑥𝑡(𝜉) − 𝑥𝑡(𝜂) ∥𝑟
2= 0.  

 

 Proof: By [Lemma 4.4 [2]], 𝐸 ∥ 𝑥𝑡(𝜉) − 𝑥𝑡(𝜂) ∥𝑟
2≤ 𝐶6𝐸 ∥ 𝜉 − 𝜂 ∥𝑟

2 𝑒−𝜆𝑡 where 𝐶6 is a constant 

dependent of only 𝜆, 𝑘 and 𝜇(2𝑟).  

This implies that 𝐸 ∥ 𝑥𝑡(𝜉) − 𝑥𝑡(𝜂) ∥𝑟
2 is uniformly continuous on the entire [0, ∞] and 

𝑙𝑖𝑚
𝑡→∞

𝐸 ∥ 𝑥𝑡(𝜉) − 𝑥𝑡(𝜂) ∥𝑟
2= 0.            

For a given function 𝑈 ∈ 𝐶2,1(𝑅 × 𝑅𝑑 × 𝑅+; 𝑅+) and any two solutions of (2.4) 𝑥(𝑡), 𝑦(𝑡) 

where 𝑡 ≥ 0, we define an operator 𝐿𝑈: 𝑅 × 𝑅𝑑 × 𝑅𝑑 → 𝑅 associated with the equation (2.18) by  

𝐿 𝑈(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡), 𝑦(𝑡) − 𝐷(𝑡; 𝑦𝑡)) = 𝑈𝑡(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡) − (𝑦(𝑡) − 𝐷(𝑡; 𝑦𝑡))   +

𝑈𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡) − (𝑦(𝑡) − 𝐷(𝑡; 𝑦𝑡))[𝑏(𝑡; 𝑥𝑡) − 𝑏(𝑡; 𝑦𝑡)]   +
1

2
𝑡𝑟𝑎𝑐𝑒[(𝜎(𝑡; 𝑥𝑡) −

𝜎(𝑡; 𝑦𝑡))𝑇𝑈𝑥𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡) − (𝑦(𝑡) − 𝐷(𝑡; 𝑦𝑡))(𝜎(𝑡; 𝑥𝑡) − 𝜎(𝑡; 𝑦𝑡))].  
 

 

Lemma 2.5 Let the conditions of the Lemma 2.3 hold. Assume further that there are functions 

𝑈 ∈ 𝐶2,1(𝑅 × 𝑅𝑑 × 𝑅+), 𝜅3 ∈ 𝐾∧ and 𝜅4 ∈ 𝐾∨ such that  

 𝑈(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) ≤ 𝜅3(|𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)|2)    𝑓𝑜𝑟    𝑎𝑙𝑙    𝑥(𝑡) ∈ 𝐶𝑟              (2.20) 

 And  

𝐿𝑈(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡), 𝑦(𝑡) − 𝐷(𝑡; 𝑦𝑡)) ≤ −𝜅4(|𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡) − (𝑦(𝑡) − 

𝐷(𝑡; 𝑦𝑡))|2),                                                                                                       (2.21) 

 for all 𝑥(𝑡), 𝑦(𝑡) ∈ 𝐶𝑟 . 
If initial values 𝜉 and 𝜂 for the solutions 𝑥 and 𝑦, respectively, are in 𝐶𝑟, then  

     𝑙𝑖𝑚
𝑡→∞

𝐸|𝑥(𝑡) − 𝑦(𝑡) − (𝐷(𝑡; 𝑥𝑡) − 𝐷(𝑡; 𝑦𝑡)|2 = 0                            (2.22) 

  Proof: For any positive number 𝑛, define  

 𝛼𝑛 = 𝑖𝑛𝑓{𝑡 ≥ 0: |𝑥(𝑡) − 𝑦(𝑡)| ≥ 𝑛} = 𝑖𝑛𝑓{𝑡 ≥ 0: ∥ 𝑥𝑡 − 𝑦𝑡 ∥𝑟≥ 𝑛}. 
 It is clear that 𝛼𝑛 → ∞, when 𝑛 → ∞. 
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Set 𝑡𝑛 = 𝛼𝑛 ∧ 𝑡  and 𝛤𝑥;𝑦(𝑡𝑛) = 𝑥(𝑡𝑛) − 𝑦(𝑡𝑛) − (𝐷(𝑡𝑛, 𝑥𝑡𝑛
) − 𝐷(𝑡𝑛; 𝑦𝑡𝑛

)) , by applying 

Itô’s formula to 𝑈(𝛤𝑥;𝑦(𝑡𝑛)) yields  

 𝐸𝑈(𝛤𝑥;𝑦(𝑡𝑛))  = 𝐸𝑈(𝜉 − 𝜂 − (𝐷(𝑡𝑛; 𝜉) − 𝐷(𝑡𝑛; 𝜂)) + 𝐸 ∫  𝐿𝑈(𝛤𝑥;𝑦(𝑠))𝑑𝑠.
𝑡𝑛

0
 

 So by conditions (2.20), (2.21) and then letting 𝑛 → ∞, we have  

 0 ≤ 𝐸(𝜅3(|𝜉 − 𝜂 − (𝐷(𝑡; 𝜉) − 𝐷(𝑡; 𝜂))|2) − 𝐸 ∫ 𝜅4(|𝛤𝑥;𝑦(𝑠)|2)𝑑𝑠,
𝑡

0
  

 Thus  

 𝐸 ∫ 𝜅4(|𝛤𝑥;𝑦(𝑠)|2)𝑑𝑠 ≤ 𝐸(𝜅3(|𝜉 − 𝜂 − (𝐷(𝑡; 𝜉) − 𝐷(𝑡; 𝜂))|2).
𝑡

0
  

 Using Jensen's inequality results in  

 ∫  𝜅4(𝐸(|𝛤𝑥;𝑦(𝑠)|2)𝑑𝑠 ≤ 𝜅3(𝐸(|𝜉 − 𝜂 − (𝐷(𝑡; 𝜉) − 𝐷(𝑡; 𝜂))|2) < ∞.
𝑡

0
 (2.23) 

 

Now we claim 𝑙𝑖𝑚
𝑡→∞

𝐸|𝛤𝑥;𝑦(𝑡)|2 = 0, If this assertion is not true, then there is some 𝜀 > 0 and a 

sequence {𝑡𝑛}𝑛≥1 satisfying 0 ≤ 𝑡𝑛 ≤ 𝑡𝑛 + 1 ≤ 𝑡𝑛+1 such that  

 𝑙𝑖𝑚
𝑡→∞

𝐸|𝛤𝑥;𝑦(𝑡)|2 ≥ 𝜀,    𝑛 ≥ 1. 

 By Lemma 2.4 , there is a positive constant 𝐶 such that:  

 |𝐸|𝛤𝑥;𝑦(𝑡)|2 − 𝐸|𝛤𝑥;𝑦(𝑠)|2| ≤ 𝐶. 

 Let 𝛿 = 1 ∧ (𝜀/2𝐶), then, for 𝑡𝑛 ≤ 𝑠 ≤ 𝑡𝑛 + 𝛿, we can get  

 𝐸|𝛤𝑥;𝑦(𝑠)|2  ≥ 𝐸|𝛤𝑥;𝑦(𝑡𝑛)|2 − 𝐸|𝐸|𝛤𝑥;𝑦(𝑠)|2 − 𝐸|𝛤𝑥;𝑦(𝑡𝑛))|2|   ≥ 𝜀 − 𝐶 ≥ 𝜀 − 𝐶𝛿 ≥
𝜀

2
.  

 Consequently  

 ∫ 𝜅4(𝐸(|𝛤𝑥;𝑦(𝑠)|2)𝑑𝑠
∞

0
 ≥ ∑ ∫ 𝜅4(𝐸(|𝛤𝑥;𝑦(𝑠)|2)𝑑𝑠

𝑡𝑛+𝛿

𝑡𝑛

∞
𝑛=1                     

                                                   ≥ ∑ ∫ 𝜅4(
𝜀

2
)𝑑𝑠

𝑡𝑛+𝛿

𝑡𝑛
 ∞

𝑛=1   (2.24) 

 But this is in contradiction with (2.23). So  

 𝑙𝑖𝑚
𝑡→∞

𝐸|𝛤𝑥;𝑦(𝑡)|2 = 0, (2.25) 

  

3  T-periodic stochastic process 
 

In this section, we present and prove our main theorem. The main technique that we use in 

this part is based on contraction mapping principle and Banach Fixed Point Theorem (Lyapunovs 

second method). 

Definition 3.1 Let (X, d) be a metric space. Then a map f: X → X is called a contraction mapping 

on X if there exists q ∈ [0,1) such that d(f(x), f(y)) ≤ qd(x, y) for all x, y in X.  

  

Theorem 3.2 Banach Fixed Point Theorem. Let (X, d) be a non-empty complete metric space 

with a contraction mapping f: X → X. Then f admits a unique fixed-point x∗ in X (i.e. f(x∗) = x∗). 

Furthermore, x∗ can be found as follows: start with an arbitrary element x0 in X and define a 

sequence {xn} by xn = f(xn−1), then xn → x∗. 

 

Now, we state the definition of periodic stochastic process and stochastic periodic solution.  

Definition 3.3 [6] A stochastic process x(t), t ≥ 0 is said to be a T-periodic stochastic process, if 

the stochastic processes  y(t): = x(t + T), t ≥ 0 and x(t), t ≥ 0 have the same finite-dimensional 

distributions.  

  



Basrah Journal of Science                                                                      Vol., 37 (2), 181-191, 2019 
 

187 
 

Definition 3.4 [6] If x(t), t ≥ 0 is a solution of (2.5) and x(t) is a T-periodic stochastic process, 

then x(t) is said to be a stochastic periodic solution with period T of (2.5).  

  

Theorem 3.5 Assume that the conditions of Lemmas 2.3 and 2.5 are all satisfied, then (2.5) admits 

a unique T-periodic stochastic periodic solution.  

  Proof: For an arbitrary 𝜉; 𝜂 ∈ 𝐿2(𝛺; 𝐶𝑟), define a metric 𝑑(𝜉, 𝜂) = (𝐸‖𝜉 − 𝜂‖𝑟
2)

1

2, then 𝐿2(𝛺; 𝐶𝑟) 

is a complete metric space. From Lemma 2.3, we get that for any 𝑡 ∈ [0, ∞) , the solutions 

𝑥(𝑡; 𝜉); 𝑥(𝑡; 𝜂) ∈ 𝐿2(𝛺; 𝐶𝑟). 

 Define a mapping 𝑓: 𝐿2(𝛺; 𝐶𝑟) → 𝐿2(𝛺; 𝐶𝑟) by  𝑓(𝜉) = 𝑥(𝑇; 𝜉), there is a constant 𝑀 > 0 

such that for any integer 𝑚 > 𝑀, the mapping 𝑓𝑚(𝜉) = 𝑓(𝜉) ∘ ⋯ ∘ 𝑓(𝜉) = 𝑥(𝑚𝑇, 𝜉), the mapping 

𝑓(𝜉) composed with itself 𝑚 times, then by Lemma 2.5, for any 𝜀 ∈ (0,1), 

  

                   𝑑2(𝑓𝑚(𝜉); 𝑓𝑚(𝜂)) = 𝑑2(𝑥(𝑚𝑇; 𝜉); 𝑥(𝑚𝑇; 𝜂))                                                 

= 𝐸|𝑥(𝑚𝑇; 𝜉) − 𝑥(𝑚𝑇; 𝜂)|2 

         < 𝜀2𝐸 ∥ 𝜉 − 𝜂 ∥𝑟
2  = 𝜀2𝑑2(𝜉, 𝜂),  

 That is, by define the metric 𝑑,  

 𝑑(𝑓𝑚(𝜉); 𝑓𝑚(𝜂)) < 𝜀𝑑(𝜉, 𝜂), 
 Therefore, 𝑓 is a contraction mapping on the complete metric space 𝐿2(𝛺; 𝐶𝑟), and so there exists 

a unique fixed point 𝛾 ∈ 𝐿2(𝛺; 𝐶𝑟) such that 𝛾 = 𝑓𝛾 = 𝑥(𝑇, 𝛾). 

Now we are in the position to prove that 𝑥(𝑡; 𝛾) is the unique T-periodic stochastic periodic 

solution of (2.5). 

 Under Assumptions  (A1) and  (A2), 𝑥(𝑡; 𝛾) satisfy the following NSFDEwID:  

 𝑥(𝑡; 𝛾) = 𝛾(0) − 𝐷(0; 𝛾) + 𝐷(𝑡; 𝑥𝑡(𝛾)) + ∫ 𝑏(𝑠; 𝑥𝑠(𝛾))𝑑𝑠
𝑡

0
 

                                + ∫ 𝜎(𝑠; 𝑥𝑠(𝛾))𝑑𝑤(𝑠),    𝑡 ≥ 0
𝑡

0
. (3.1) 

 Let 𝑡 = 𝑇 and 𝑡 = 𝑡 + 𝑇 in (3.1) respectively, we get  

 𝑥(𝑇; 𝛾) = 𝛾(0) − 𝐷(0; 𝛾) + 𝐷(𝑇; 𝑥𝑡+𝑇(𝛾)) + ∫ 𝑏(𝑠; 𝑥𝑠(𝛾))𝑑𝑠
𝑇

0
  

                                + ∫  𝜎(𝑠; 𝑥𝑠(𝛾))𝑑𝑤(𝑠),
𝑇

0
 (3.2) 

 𝑥(𝑡 + 𝑇; 𝛾) = 𝛾(0) − 𝐷(0; 𝛾) + 𝐷(𝑡 + 𝑇; 𝑥𝑡+𝑇(𝛾)) + ∫ 𝑏(𝑠; 𝑥𝑠(𝛾))𝑑𝑠
𝑡+𝑇

0
  

                              + ∫ 𝜎(𝑠; 𝑥𝑠(𝛾))𝑑𝑤(𝑠)
𝑡+𝑇

0
. (3.3) 

 Consequently from (3.2) and (3.3), we have 

 𝑥(𝑡 + 𝑇; 𝛾)  = 𝑥(𝑇; 𝛾) − 𝐷(𝑇; 𝑥𝑡+𝑇(𝛾)) + 𝐷(𝑡 + 𝑇; 𝑥𝑡+𝑇(𝛾))   

                                           + ∫  𝑏(𝑠; 𝑥𝑠(𝛾))𝑑𝑠
𝑡+𝑇

𝑇
+ ∫  𝜎(𝑠; 𝑥𝑠(𝛾))𝑑𝑤(𝑠).   

𝑡+𝑇

𝑇
 (3.4) 

 

 Let 𝑠 = 𝑟 + 𝑇, 𝑤̃𝑡 = 𝑤𝑡+𝑇 − 𝑤𝑡 , the probability space (𝛺; 𝐹; 𝑃) is fixed, then by the (3.4) we 

have:  

 𝑥(𝑡 + 𝑇; 𝛾)  = 𝑥(𝑇; 𝛾) − 𝐷(𝑇; 𝑥𝑇(𝛾)) + 𝐷(𝑡 + 𝑇; 𝑥𝑡+𝑇(𝛾))       

                                                    + ∫  𝑏(𝑟 + 𝑇; 𝑥𝑟+𝑇(𝛾))𝑑𝑟
𝑡

0
+ ∫ 𝜎(𝑟 + 𝑇; 𝑥𝑟+𝑇(𝛾))𝑑𝑤̃(𝑟).

𝑡

0
 

 Note that  

 𝑏(𝑡 + 𝑇; 𝑥𝑡+𝑇(𝛾)) = 𝑏(𝑡; 𝑥𝑡+𝑇(𝛾)),    𝜎(𝑡 + 𝑇; 𝑥𝑡+𝑇(𝛾)) = 𝜎(𝑡; 𝑥𝑡+𝑇(𝛾)), 
 Therefore for 𝑡 ≥ 0,  

 𝑥(𝑡 + 𝑇; 𝛾) =  𝑥(𝑇; 𝛾) − 𝐷(𝑇; 𝑥𝑇(𝛾)) + 𝐷(𝑡 + 𝑇; 𝑥𝑡+𝑇(𝛾)) + ∫  𝑏(𝑟; 𝑥𝑟+𝑇(𝛾))𝑑𝑟
𝑡

0
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                              + ∫ 𝜎(𝑟; 𝑥𝑟+𝑇(𝛾))𝑑𝑤̃(𝑟)
𝑡

0
 .                                                            (3.5) 

 

         Hence (𝑤(𝑡), {𝑥(𝑡; 𝛾)}𝑡≥0) and (𝑤̃(𝑡), {𝑥(𝑡 + 𝑇; 𝛾)}𝑡≥0) are two weak solutions of (2.5) on 

the same complete probability space (𝛺, 𝐹, {𝐹𝑡}𝑡≥0, 𝑃). 

          By the property of Brownian motion, (𝑤(𝑡)𝑡≥0) and (𝑤̃(𝑡)𝑡≥0) have the same distribution. 

Notice that the solution for NSFDEwID (3.1) is a pathwise unique strong solution, moreover 

NSFDEwIDs (3.1) and (3.5) have the same formation, hence there is a measurable function 𝐹 such 

that  

 𝑥(𝑡; 𝛾) = 𝐹(𝑤(𝑠); ∀𝑠 ≤ 𝑡), 𝑃 − 𝑎. 𝑠. 
 This means that for (3.5) we must also have  

 𝑥(𝑡 + 𝑇; 𝛾) = 𝐹(𝑤̃(𝑠); ∀𝑠 ≤ 𝑡), 𝑃 − 𝑎. 𝑠. 
 Therefore∀𝐴 ∈ 𝐵((𝑅𝑑)𝑛), and ∀𝑡1, … , 𝑡𝑛 ∈ [0, ∞),  

 𝑃((𝑥(𝑡1; 𝛾), … , 𝑥(𝑡𝑛; 𝛾) ∈ 𝐴) = 𝑃((𝑥(𝑡1 + 𝑇; 𝛾), … , 𝑥(𝑡𝑛 + 𝑇; 𝛾) ∈ 𝐴), 
 moreover, initial values 𝑥(𝑇; 𝛾) and 𝛾 have the same distribution, hence we can get that 𝑥(𝑇; 𝛾) 

and 𝑥(𝑡 + 𝑇; 𝛾) have the same finite-dimensional distributions. Since 𝛾 is unique, we know that 

𝑥(𝑡; 𝛾) is the unique T-periodic stochastic periodic solution of (2.4) and the proof is complete.            

Remark 3.6 If the solutions of the system (2.5) have the property (2.13) and (2.23), then (2.5) 

admits a unique stochastic periodic solution.  

 

4  Example 

 In this section, to address the validity of the theory by applying the assumptions (A1), (A2) 

and the Remark 3.6 we introduce an example of the system (2.5) which 𝑤(𝑡) is a one-dimensional 

Brownian motion. 

Example 1: Consider the one-dimensional type of neutral SFDE with infinity delay:  

𝑑 [𝑥(𝑡) −
1

2
∫ 𝑒2𝑞𝜃𝐷(𝜙)𝑑𝜃

0

−∞

]  = −𝑎|𝑠𝑖𝑛(𝑡)|𝜙𝑑𝑡 + [|𝑠𝑖𝑛(𝑡)|𝜙 

                                                                      + ∫ 𝑒2𝑞𝜃|𝑠𝑖𝑛(𝑡)|𝜙(𝜃)𝑑𝜃𝑑𝑤(𝑡)
0

−∞
]  ,  (4.1) 

 

 With initial value 𝑥(𝑡) = 𝜉 when𝑡 ∈ (−∞, 0]. Where 𝑎, 𝑞 are positive numbers, 𝜙 ∈ 𝐶𝑟 and 𝑤(𝑡) 

is a Brownian motion. It is clear that the equation (4.1) is periodic with 𝑇 = 2𝜋. Anyway, by 

Hölder inequality for any 𝜇(𝑑𝜃) = 𝑒2𝑞𝜃𝑑𝜃 and 𝑞 >
1

8
, it is easy to check that:  

 |𝐷(𝜑) − 𝐷(𝜙)|2  ≤
1

8𝑞
∫ 𝑒4𝑞𝜃|𝜑(𝜃) − 𝜙(𝜃)|2𝑑𝜃.

0

−∞
  

 Similarly, for any 𝜙 and 𝜑 ∈ 𝐶𝑟, define  

𝑏(𝜙) = −𝑎|𝑠𝑖𝑛(𝑡)|𝜙, 𝜎(𝜙) = |𝑠𝑖𝑛(𝑡)|𝜙 + ∫ 𝑒2𝑞𝜃|𝑠𝑖𝑛(𝑡)|𝜙(𝜃)𝑑𝜃,
0

−∞
  we can show that:  

[𝜑(0) − 𝜙(0) −  (𝐷(𝜑) − 𝐷(𝜙))]𝑇[𝑏(𝜑) − 𝑏(𝜙)] = [𝜑(0) − 𝜙(0) −
1

2
∫ 𝑒2𝑞𝜃(𝜑(𝜃) −

0

−∞

𝜙(𝜃))𝑑𝜃  ]𝑇[−𝑎|𝑠𝑖𝑛(𝑡)|𝜑 + 𝑎|𝑠𝑖𝑛(𝑡)|𝜙]   ≤ −𝑎|𝜑(0) − 𝜙(0)|2 +    
𝑎

    2
∫ 𝑒2𝑞𝜃|𝜑(𝜃) − 𝜙(𝜃)

0

−∞
 |2𝑑𝜃,                                                                       (4.2) 

 And  

 |𝜎(𝜑)  − 𝜎(𝜙)|2 = ||𝑠𝑖𝑛(𝑡)|𝜑 − |𝑠𝑖𝑛(𝑡)|𝜙 + ∫ 𝑒2𝑞𝜃(𝜑(𝜃) − 𝜙(𝜃))𝑑𝜃|20

−∞
          

   ≤ (1 + 𝜀)||𝑠𝑖𝑛(𝑡)|𝜑 − |𝑠𝑖𝑛(𝑡)|𝜙|2 +
1 + 𝜀

𝜀
| ∫ 𝑒2𝑞𝜃(𝜑(𝜃) − 𝜙(𝜃))𝑑𝜃

0

−∞

 |2 
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        ≤ (1 + 𝜀)|𝜑(0) − 𝜙(0)|2 +
1+𝜀

𝜀
∫ 𝑒4𝑝𝜃|𝜑(𝜃) − 𝜙(𝜃)|2𝑑𝜃

0

−∞
                   (4.3) 

 Thus, from (4.2), (4.3) we get that: 𝜆1 = 𝑎, 𝜆2 =
𝑎

2
, 𝜆3 = 1 + 𝜀 and 𝜆4 =

1+𝜀

𝜀
. Hence, if 𝜀 =

1

8𝑞
 

with 𝑞 >
1

8
, 2𝜆1 > 73𝜆3 + 2𝜆2𝜇(2𝑟) + 73𝜆4𝜇(2𝑟) where 𝜇(2𝑟) ∈ 𝑀2𝑟 and  

 𝑎 >
73(1+

1

8𝑞
)+73(1+8𝑞)𝜇(2𝑟)

4−𝜇(2𝑟)
, 

 The 𝑇 = 2𝜋 periodic functions 𝑏, 𝜎 and the function 𝐷(𝜙) are satisfy the assumptions (A1) and 

(A2). Now, suppose that for any 𝑡 ≥ 0, 

                                                        𝑏(𝑡; 𝑥𝑡) = −𝑎|𝑠𝑖𝑛(𝑡)|𝑥(𝑡),  

 𝐷(𝑡; 𝑥𝑡) = −
1

2
∫ 𝑒2𝑞(𝑠−𝑡)𝑑𝑠

𝑡

−∞
  

                                                          = −
1

4𝑞
 

 And  

 𝜎(𝑡; 𝑥𝑡)  = |𝑠𝑖𝑛(𝑡)|𝑥(𝑡) + ∫ 𝑒2𝑞𝜃|𝑠𝑖𝑛(𝑡)|𝑑𝑠
𝑡

−∞
  

 

                                             = |𝑠𝑖𝑛(𝑡)|𝑥(𝑡) + ∫ 𝑒2𝑞(𝑠−𝑡)|𝑠𝑖𝑛(𝑡)|𝑑𝑠
𝑡

−∞
    

 

                                             = |𝑠𝑖𝑛(𝑡)|𝑥(𝑡) +
|𝑠𝑖𝑛(𝑡)|

2𝑞
, 

 Define  

 𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) = 𝑈(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))  = 𝑐|𝑥 −
1

4𝑞
|2    

 Compute 𝐿𝑉(𝑥; 𝑡) associated with the equation (4.1) as  

 𝑉𝑡(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))  = 0,  

                 𝑉𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))  = 2𝑐(𝑥 −
1

4𝑞
),    

 𝑉𝑥𝑥 (𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) = 2𝑐.  
 𝐿𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))  = 𝑉𝑡(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) + 𝑉𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))𝑏(𝑡; 𝑥𝑡) + 

1

2
𝑡𝑟𝑎𝑐𝑒[𝜎𝑇(𝑡; 𝑥𝑡)𝑉𝑥𝑥(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))𝜎(𝑡; 𝑥𝑡)]   = 2𝑐(𝑥 −

1

4𝑞
)(−𝑎|𝑠𝑖𝑛(𝑡)|𝑥) + 

𝑐(|𝑠𝑖𝑛(𝑡)|𝑥 +
|𝑠𝑖𝑛(𝑡)|

2𝑞
)2   ≤ −2𝑐𝑎𝑥2 +

𝑐𝑎

2𝑞
𝑥 + 𝑐𝑥2 +

𝑐

𝑞
𝑥 +

𝑐

4𝑞2         

                                        = 𝑐(−2𝑎 + 1)𝑥2 + 𝑐(
𝑎+2

2𝑞
)𝑥 +

𝑐

4𝑞2  .                                        (4.4) 

 Since (1 − 2𝑎) < 0 , we have  

 
1

𝑐(1−2𝑎)
 𝐿𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡)) ≥ 𝑥2 +

(2+𝑎)

(1−2𝑎)2𝑞
𝑥 +

1

(1−2𝑎)4𝑞2
                          

= 𝑥2 −
(2 + 𝑎)

(2𝑎 − 1)2𝑞
𝑥 +

1

(1 − 2𝑎)4𝑞2
+ (

(2 + 𝑎)

(2𝑎 − 1)4𝑞
)2 − (

(2 + 𝑎)

(2𝑎 − 1)4𝑞
)2   

       = (𝑥 −
(2+𝑎)

(2𝑎−1)4𝑞
)2 + +(

(2+𝑎)

(2𝑎−1)4𝑞
)2,                                                                           (4.5) 

 Thus, for 𝑎 = 3  

 𝐿𝑉(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡))  ≤ −𝜆(𝑥 −
1

4𝑞
)2 + 𝛽    (4.6) 

 Where, 𝜆 = 𝑐(2𝑎 − 1) and  𝛽 =
1

80𝑞2. Similarly, compute 𝐿𝑈(𝑥; 𝑦; 𝑡) associated with the equation 

(4.1) as  

 𝐿𝑈(𝑥(𝑡) − 𝐷(𝑡; 𝑥𝑡) − 𝑦(𝑡) + 𝐷(𝑡; 𝑦𝑡)  =
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2𝑐(𝑥 − 𝑦)(−𝑎|sin (𝑡)|(𝑥 − 𝑦)) + 𝑐(|sin (𝑡)|(𝑥 − 𝑦))2   ≤ −2𝑐𝑎(𝑥 − 𝑦)2 + 𝑐(𝑥 − 𝑦)2   
                                                       = −𝜆(𝑥 − 𝑦)2.                                 (4.7) 

 

 Therefore, because of (A1), (A2) and the conditions of Lemma 2.3 and Lemma 2.5 are satisfied, 

an application of Theorem 3.5 yields that the system (2.3) has a unique stochastic periodic solution. 
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 لمستخلص ا

 

لنو   م يدود مون المعويرلت الليي ولدا الدالدوا الع و اتدا مو   و      -T الودرا  الهدف من هذا العمل هو  رااةوا ال ول  

 𝑥𝑡ر  دطا ال ول 𝑥(𝑡)  درردا ال ل مالثيندا لإظهيا  Lyapunov ، حدث اةلخدمني ط دقا (NSFDEwID) لنهيتي

فوي نهيدوا . الصويمد للنقطوا   Banachم اةولخدا  مدودأ  عدودن النشمويظ رن  دوا فوي هوذا العمول  و  .إلى المعيرلت أعوه 

 .الد ث اةلخدمني مثيل لل  دج نليتج العمل

 


