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Introduction

Matthews in 1992 [1] introduced the concept of partial metric space for short (P.M.S) as a
generalization of metric space in which each object does not necessarily have a zero distance
from itself. This concept provides to study denotational semantics of data network also play a
vital role in construct models of the theory of computation. Thereafter, several authors proved
some (F.P) theorems using these concepts see for instance ([2]-[16]). In 2004, Ran and Reuring
[17] investigated the existence of (F.P) in partially ordered metric space, recently, Altun and
Erduran [18] introduced the concept of partially ordered complete partial metric spaces and
established new conditions. The reader is referred to the work of ([19]- [22]), and references
therein. In this paper, we prove (F.P) theorem for generalized condition (B) in the setting of
ordered P.M.S by using F -non decreasing map. Our results generalized and extend some of the
known results.
2. Preliminaries:

We recall some definitions and notions of Partial metric space and partially ordered set.

Definition (2.1)[1,2]

LetM be nonempty set , then a partial metric on M is function p: M T R

(where R " is the set of all nonnegative real number), such that satisfying the following axioms;

(pm,) m=n< p(m,m)=p(n,n)=p(m,n), (separation axiom)
(pm,) 0<p(m,m)<p(m,n), (non-negatively and small self — distance)
(pm;) p(m,n) = p(n,m), (symmetry)

(pm,) p(M,n) < p(m,r)+ p(r,n) — p(r,r), (triangular inequality)
forall m,n,r eM .Then (M, P) is said to be a P.M.S.

Itis clear if P(M,N) =0 then from (pm,) and (pM,) it follow that M =N But the

converse is not hold in general [1].

For each partial metric p on the setM , the functiond  : M > >R* is defined

byd,(m,n)=2p(m,n)—p(m,m)—p(n,n).
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Where d is ametriconM . Infact d | is the Euclidean metricon M .

Each partial metric p on M generates a T, —Topology T( p) on M whose base is the
family of open p —ball{B (m;&),m € M ,& >0}, where
B,(m,e)={neM :p(m,n)<p(m,m)+e}, forallm eM and ¢>0.
Example (2.2)[2,5]

(1) Thepair (R",p,), i =1,2 where
p,(m,n)=Max{m,n} vm,n e R’
p,(m,n)=d(m,n)+a Vm,n e R* and s real number.

@) Letp:M xM >R M cR’

p(m,n)=min{m,n}vm,neM cR*

since (pm,) is fail ifM >N . Thus, (M, ) is not P.M.S.

Definition (2.3) [2,21]

1- A sequence{qn}in a P.M.S(M ) p) is said to be convergent to a point m €M if and only
if !iig(qn,m) =p(m,m)

2- A sequence {0, }in a P.M.S (M : p) is said to be Cauchy if and only ifm|j]|'ﬂoO p(qm ,qn)
be exists (and is finite).
Moreover, if n,lrirﬂw P(0,,9,,) =0 then a sequence {9,} in P.M.S(M,p) is said to be

0-Cauchy sequence.
3- AP.M.S (M . p) is said to be complete if every Cauchy sequence{qn} inM converges,

(with  respect to  the topologyT(p)), to a point m €M such

that lim p(q,.q,)=p(m,m).

n,m-—oo
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Moreover, a P.M.S (M ,p)is called 0-complete if every 0-Cauchy sequence{qn}in

M converges, in7(P), to a point m € M such that p(m,m) =0

Lemma (2.4)
Let (M ,p)bea P.M.S. Then

1- A sequence {q,}is Cauchy in a P.M.S if and only if {q,}is a Cauchy in a metric
space(M ,d ),
2- APM.S (M, p)is complete if, and only if a metric space (M ,d ) is complete. In

addition, limd (q,,m)=0< p(m,m)=Ilimp(g,,m)= lim p(q,.d,)

Definition (2.5) [21]
A mapping T :M — M s said to be continuous at my; e M < V& >0 36 >0 such

that T (B, (M,,5)) B, (T (M,),&).

Lemma (2.6) [7,20]
Let (M, p)be a complete P.M.S. Then

@i)If p(m,n)=0=m=n
@) f mn=p(m,n)>0
(iii)If {g,}<=M ,q, >masn —occand p(m,m) =Othen

limp(q,.r)=p(m.r).

Definition (2.7) [17]
Suppose (M , <) be partially ordered set, then we have
(1) Ym,n €M are said to be comparable if either m=<n or n<m holds.
(2) A subset N of M is said to be “well ordered ” if each two elements of N are

comparable.
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3 Amap T :M —M s called non-decreasing (non-increasing) if m=<n then

Tm <Tn (Tm >=Tn)

Definition (2.8) [5]
(M, p,=<)is said to be ordered P.M.S if
(1) (M,p)isaP.M.S
(2) ((M ,=) be partially ordered set.
Definition (2.9) Let (M, p,=<)be ordered P.M.S. Then T is said to be almost generalized

contractive condition if there exist & €[0,1) and L >0>forall m,n € M , where
p(Mm,Tn)<aM ;(m,n)+LN (m,n)

M, (m,n)=Max{p(m,n),p(m,Tm),p(n,Tn),2[p(m,Tn)+p(n,Tm)]}
N, (m,n)=min{p(m,Tm),p(n,Tn),p(m,Tn),p(n,Tm)]}

3. Main Result
Theorem (3.1) Let(M ,p,<) be a O-complete ordered P.M.S. LetF :M — M be non-

decreasing map such that for all comparablem,Nn e M K is some positive integer,
a €[0,1)and L >0>witha +2L <1,
p(Fm,F“n)<aM (m,n)+LN (m,n) (3.1)
Where
M, (m,n) =Max{p(m,n),p(m,F*m),p(n,F*n), %[p(m,F n)+p(n,F m)]}
N, (m,n)=min{p(m,F“m),p(n,F*“n),p(m,F“n),p(n,F“m)]}
If F is continuous and there exists g, € M with q,<F kq0 . Then F has a unique (F.P) r
and p(Fr,Fr)=0=p(r,r).
Proof: Let 0, € M be an arbitrary point.

Define a sequence {q, }in M suchthat q, =F*q, ,forall n eN
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If p@,,q,.,)=0 forsome n >0, then F*q, =q,, =4, .thatis q,, a fixed point of F* and
since F q, =F(F*q,)=F"(F q,).Hence Fq, is a fixed point of F*and by uniqueness
of fixed point we get Fq, =q,.

Now, assume that p(q,,d,,,,) >0, foralln eN .

Since F is non-decreasing, we have

9,<F“q,=9,<F*“q, =q,=...=q,<F"q, =q,,<F*q,, =4q,.,,..By using condition
(3.1), we get

P(,.dn.) =P(F .5, Fa,)<aM ,(@,,.0,) +LN ,(@,.d,)

M, (@,4.9,)=Max{p(@,.9,). P@, F“a,4).p@, Fa,),
%Ip@,.. F a,)+p@,,Fq, )}
M,@,,.d,)=Max{p(@,,.d,),P@,19,). P{,.0,..)

%[p(qn—l’qnﬂ) + p(qn ’qn)]}
M p(qn—l’qn) = Max{p(qn—l’qn)' p(qn ’qn+1)’%[p(qn—1’qn+l) + p(qn ’qn)]}By USing

(pm,)
%[p(qn—l’qnﬂ)_'_ p(qn’qn)]g%[p(qn—l’qn)—i_ p(Qn’qn+1)]
< Max{p(qn—l’qn)’ p(qn’Qn+l)}

Hence
M, (@,.1.9,) =Max{p(a,.d,), P(,.0,,.)}
N,(@,..9,)=min{p(@,..9,), P(A,.9,.4), P(@,4.0.1), P(@,.9,)}
N, (@,.d,)=min{p(d,.4,,,).P(,.9,)}
We obtain that
P(@,.0,..) <aMax{p(@,.1.d,), P(@,.0,.)}+L min{p(@,_,,d,.,). P(@,,9,) N

ow, we have four cases:

(1) If Max{p(@,.9,).P(@,.9,.,)}=P(@,.9,) and
min{p(qn—l’qn+l)' p(qn ’qn)}: p(qn—l’Qnﬂ)
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Then
P@,.9,.4) <ap(@,4.9,)+LP(,4.9,.1)
P@,.9..1) <ap(@,,.9,) +LI[PO,4.9,)+ P@,.9..) — PT,.9,)]
<ap(d,4.9,)+Lp@,4.d,)+LP@,.d,..)

(1_L)p(qn’qn+1)S(a-'_l—)p(qn—l’qn)
<(a+L)/A-L)p(@,4.0)
Sﬂlp(qn—l’qn)

Where f, =(a+L)/(1-L)<1.

(2) If Max{p(qn—l’qn)’p(qn’qn+1)}: p(qn—l’qn) and
min{p(qnfl’qnﬂ)’ p(qn ’qn)}: p(qn7qn) Then
p(qn’qn+1)Sap(qn—liqn)+Lp(qn’qn)

S cXp(cln—liqn) + L[p(qn 7qn+1) + p(qn+1’qn) - p(qn+17qn+1)]
<ap(@,.9,) +Lp@,.0,.4) +Lp(,.1.9,)

(1_2L)p(qn ’qn+1) < ap(qn—l’qn)
p(qn ’qn+1) < a/(l_ZL)p(qn—l’qn)
p(qn ’qn+1) Sﬂzp(qn—l'qn)

Where 3, =a/(1-2L) <1.
3 If Max{p(@,.9,).P@,.4,..)}=P(@,.d,,,) and

min{ p(d,.9,.1). P(d,.9,)} =P(d,4,0.1)

Then

P@,.9,1) <ap(@,.9,.4) +LP (A, 1,0,0.0)
<ap(,.d,.) +LIP@,4.9,)+P@,.9,,) - P,.9,)]
<ap(d,.9,..)+LP@,,9,)+LP@,.9,.1)

1-a-L)p(@,.9,.)<LpP(@,.1.9,)
pP@,.d,,)<L/Q-a-L)p@,.,.4,)
P@,.9,..)<5Pp@,.,.9,)

Where f,=L/1-a—-L)<1.
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(4) If Max{p(qn—l’qn)! p(qn ’qn+1)}: p(qn ’qn+1) and
min{p(d,1,0s.1): P(@,9,)}= P(Qy,d,) Then

pP@,.dq,4) <ap(@,.d,.,)+Lp@,.q,)
<ap(@,.9n.4) +LP(A-1,90.)
<ap(,.d,.)+LIP@,4.4,)+P@,.9,..) - P@,.49,)]
pP@,.q,.4)<ap(@,.q,,)+Lp@,.0,)+Lp@,.9,..)
-a-L)p@,.a,,)<Lp(@,9,)

p(qn’qn+1) < L (1_a _ L) p(qn—liqn)
pP(,.d,,.)<8,p0,,.9,)

Where f, :%1—05—L)<1'

Therefore choose 5 = Max{f,, 5., 5s, 5.}
O0< <1, forevery n €N , we have
P@,.9,.1) <P, 1,d,), and
P@,.90.1) < AP0, 0)-

Next to claim that {q , }is 0-Cauchy sequence, let m,n e N

P, d.m) <[P, 00.0) + P@nia:Unig) oot P@nim1: Ao )] =
[P(@n.0:0ns1) + P @iz Gnio) + oo+ P Onams)]
P, 0nem) <SP0 00s0) + P00 ns2) + oo+ PO 1 Gim)
<B"p@g,a,) + 8P (g,0y) + v+ AP (0,0,)
<P+ B+B%+..+ " 1p(,9)

<D 5P
since 5 €(0,1), we get ﬂ%—,ﬁ)_)o as N — 0.
Hencenlrirﬂwp(qn,qu):O

Therefore{q  }is a 0-Cauchy sequence in (M , p).
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Since (M , p) is 0-complete,it follows there exist € M , such thatq, —
in (M, p)and p(q,9)=0.

Moreover, lim p(q,,,q) = p(q,q) =0

Next, we shall prove that Fgq =(

P@.F a) < P(A.05.0) + P @0 F D) = Pyi0nr)

P@.F 9)<p(A.d..) + P@,0. F Q)
By using the continuity of F and condition (3.1) we get

p@.F*a)<limp(a.q,.,)+limp(@,...F“a)
P@.F‘q)<p(@.a)+p(F‘q,F q)=p(F q,.F q)
Thus p(9,F“q) < p(F“q,F*q)

But by using (PM,,) we have p(F*q,F*q)<p(a,F*q)

Hence
p@.F‘a)=p(F'q,F‘q)
suppose P(q,F“q)>0.Since  =(
p@.F‘q)=p(F‘q,F‘q)<aM ,(9.9)+LN ,(q.9)

p(@.F“q) <aMax{p(a.q).p(@.F“a).p(a.F*q),
%lp@.Fa)+p(@ F a)l}+Lp@.F q)

<ap(,F‘q)+Lp(.F“q)
<(a+L)p(@.F“q)
<(a+2L)p(,F q)

<p(,F“q)
a contradiction. Thus, we have
p(,Fq)=0.

Thus, we get F“q =q . Thatis g a(F.P) of F*
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Since K isa positive integer, F is continuous.

Therefore Fq =q . We claim the uniqueness of (F.P) of F,

Assume F*u =u ,F*v =v and u #V . Then by condition (3.1)
puv)=p(F‘u,F'v)<aM (uv)+LN (uv)
puv)<aMax{p@y),p@,Fu),p¢,F'v), Ypu,Fv)+p@.Fu)}

+Lmin{pu,F*u),p&v,F*v),pu,F*v),pl,F u)}

puv)<aMax{puyv),p.u), IO(V,V),%[D(U v)+p,u)l}

+Lmin{p@u,u),p.v),plv) pl,u)}
Then
puyv)<apuyv)+L.0
puv)<pyv)
Since O<a <1

Hence U =V . So F*hasa unique (F.P) this implies that F has a unique (F.P).

Example (3.2)
Let M =[0,1]U{2} be a set endowed with the P.M.S, p(m,n)=max{m,n} for all

m,n € M ,we define M with the usual order < and F:M — M
SuchthatF(m)=0 if m €[0,1], F(m)=% ifm =2 .Clearly F[0,1]=0
and F(2)=% We get F?(m)=F*m)=...=F*(M)=0 for all meM Let

m =0 andn =1 applying condition (3.1) ,we have,
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P(F“O,F“D)<aM (0,)+LN (0,),
M (0,1) = aMax{p(0,1),p(0,F“0), p(1,F 1),
%Ip(O,F D)+ p@ALF 0)},

=ap(0,)=a
N, (0,1) =LMin{p(0,F*0), p(L, F*1), p(0,F*1), p(LF*0)},
=L.0=0

p(F¥O,F*1)=P(0,0)<a+0=a<[0,1]

So, Theorem (3.1) is verified and F¥ has a fixed point 0.Consequently F has a fixed point 0.

Theorem (3.3) let (M ,p,<)be a 0-complete ordered P.M.S. Let F:M — M be non-
decreasing mapping such that;
p(F*m,F¥n)<aMax{p(m,n),p(m,F*m),p(n,F¥*n),
%Ip(m,F n)+p(n,F m)]} (32)
for all comparablem,n e M , K is some positive integer and @ € (O,l) ,Suppose
that F is continuous and let there exists 4, € M with q,<F I‘qo . Then F has a unique (F.P)

g and

p(Fa,Fq)=0=p(a.q).
Proof: It follows from Theorem (3.1) withL =0.

Theorem (3.4) let(M , p,<) be a 0-complete ordered (P.M.S) . Let F:M — M be non-
decreasing continuous mapping such that
p(Fm,F¥n)<ap(m,F*m)+ Bp(n,F*n)+yp(m,n) (3.3)
for every comparable m,n e M , K is some positive
integer, &z, 3, ¥ > 0and, ¢ + 5 + 7 <1.suppose there exists g, € M with q,<F “q,. Then

F has a unique (F.P) g and p(Fq,Fq) =0=p(q,q).

Proof: Let q, € M be an arbitrary point.
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Define a sequence {q,}in M suchthat g, =F"q,, forallneN .
If p(d,.d,,,) =0 forsome neN then F*q, =q,,=0,,0,isa(FP)of F*
Sothat q, isa (F.P)of F.
Assume that p(q,,q,,,,) >0 foralln >0.
Since F is non decreasing map, we have
do=F"do =0,<F "0, =0,=....20, <F"q, =0, ,,<F q,; =0, ,....
Applying condition (3.3)
P(@,.9..0) =P(F 4,0, F 0,) <ap(@,..F*a,,)+ Ap@,.F q,) +
7P(@,-4.9,).
P@..90a) <ap(@4,9,) + P, 00.0) + 7P 1,9,)
1-4)p(@,.9,.1) <(a+7)p(,.1.0,)

p(qn’qn+1) S (a +7) (1_5) p(qn—l’qn)

p(qn ’qn+1) S 5p(qn—1’qn)

_(a+7)
Where & (l—ﬁ)o<5<1'

And by induction we get, p(d,,d,.,) <6"Pp(dy,d,)
Now proceeding as in theorem (3.1) we can prove that {q,, }is a 0-Cauchy sequence. Since

M is 0-complete metric space then every 0-cauchy sequence in M converges (with respect to
T,)toapoint g € M , such that
lim p(@,.d,)=p(@.4)=0.

Moreover, by lemma (2-6) we have

limp(,,4)=p(@,q)=0

Now we shall prove that Fq =Q

Lettingn —> oo, and using the continuity of F , we get
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P@,F 9)<P(@,d0,) + P@y1sF Q) = P(@r,0,05.0)
<Pp(a.,9.1) + P, F Q)
<limp(@.q,.,)+limp(Fq,.F*q)
P@.F‘q)<p@.a)+p(F‘q,Fq)=p(F‘q,F*q)
So p(a,F“a)<p(F‘q,Fq)
But by (pm,,) we have p(F“q,F“q) <p(q,F“q)
hence, we get p(q,F “q) = p(F“q,F“q)
Now if we suppose p(q,F™q) >0, then
p@.F‘a)=p(F‘q,F q)<ap@,F a)+pp@.F q)+rp(.q)
<(a+p)p@ Fa)
<p(@.F‘q)
a contradiction. Hence, we get p(q,F*“q)=0.
by using lemma (2.6) (i),we have F *q =q
and since F is continuous and K is positive integer we get Fq =(
Now We claim the uniqueness of (F.P) of F* .
Assume that F*u =u and F*w =w ,u #w , then
puw)=p(Fu,F'w)<apu,F‘u)+BpWw,F'w)+ypluw)
puw)<apU,u)+ppWw w)+ypluw)

puw)<ypluw)
puw)<puw)

A contradiction. Thus U =w . So F “has a unique (F.P) this implies that F has a unique (F.P).

Corollary(3.5) let(M,p,<)be a 0-complete ordered P.M.S. Let F:M — M be non-

decreasing continuous mapping such that

p(F¥m,F*n)<ap(m,n) (3.4)
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for all comparable m,n e M K is some positive integer and « €[0,1) . Suppose there

exists 4, € M with q,<F “q, ThenF has a unique (F.P) g and p(Fq,Fq)=0=p(d,q)

Corollary (3.6) (Theorem 8 in [21]) let(M ,p,<) be a 0-complete ordered P.M.S . Let

F :M — M be non-decreasing continuous mapping such that
k k k k
p(F'm,F'n)<e[p(m,F'm)+p(n,F"n)] (35)
for all comparable M, N € M, k is some positive integer and & € 0, %) Suppose

there exists (, €M with q,<F“g,Then F has a unique (FP) I and

p(Fr,Fr)=p(r,r)=0

Corollary (3.7)
Let (M, p,=<) be a 0-complete ordered P.M.S . Let F : M — M be

non- decreasing continuous mapping such that
p(F*m, F*n) < ap(m,n)+Lp(n, Fm) (3.6)
for every comparable M, N € M | K is some positive integer, & € [0,1), L >0 with

a + 2L <1.Suppose there exists g, € M with q,<F I‘qOThen F has a unique (F.P)
qandp(Fq,Fq)=0=p(a.q).

Remark (3.8)
(1) In metric space (M ,d) condition (3.1) with K =1 is called generalized condition (B)
23].
EZ)I]n metric space (M ,d ) condition (3.6) withk =1 is called almost contraction which
introduce by Berinde [24].
(3) In partial metric space (M, p) condition (3.6) with K =1 and L=0 is called Ciric
contraction condition [11].
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