Basrah Journal of Science

Vol. 38 (2),131-156, 2020

Beta-Hyperhalfnormal Distribution and Its Application

Maradesa Adeleke

Federal University of Technology Akure, Nigeria

Corresponding author: e-mail: maradesastal21378@futa.edu.ng

Doi 10.29072/basjs.202021

Abstract

This research developed Hyper halfnormal distribution (HHND) and Beta-hyper
halfnormal distribution (BHHND). The statistical properties of those distributions
were studied and BHHND is found to have bathtube hazard function. The
distributions are fitted to lifetime data that seemed to have bathtube distribution. From
the analysis, the definition of HHND depends on the value of p and g (mixing
proportion) and coefficient of variation. For q > p, we have Hyper halfnormal and it is
Hypo-halfnormal if otherwise. The BHHND is useful in modeling heavily skewed,

non-normal data with bathtube hazard function.
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1 Introduction

In statistics and probability, the statistical properties and interrelationship between
random variables play cogent roles in defining, explaining and modeling naturally many real life
processes. In essence, numerous probability distributions have been proposed and defined in the
literature, which are found to be applicable and mathematically tractable in modeling many real
life complex processes or to explain many events in real life. Various methods exist for defining
statistical distributions. Many of these have risen from the need to model naturally occurring
phenomena or events. For example, the normal distribution explains real-valued variables that
tend to cluster around a single mean value, whereas the Poisson distribution models discrete rare
events, Pogany & Nadarajah[1]. Some hyper distribution has been proposed such as
hyperexponential and hyper-erlang distribution; Orlik & Rappaport[2] proposed hyper-erlang
distribution and it was applied in modeling the channel holding time and cell resistant time in
mobile computing by displaying that coefficient of variation could be varied to be less than or
greater than one. To introduce the pattern of skewness into probability density function (PDF) of
any baseline distribution in order to improve its flexibility in capturing data with heavily tailed
and highly skewed distribution, the beta distribution, as among the skewed distributions, which
rescale parent distributions in order to create series of shapes. Beta-generated family of
distribution has been use to create multiplicities of convoluted beta family of distribution with
increased scope in modeling non-normal data. Akomolafe & Maradesa[3] developed Beta-
Halfnormal Distribution by using Logit of Beta function defined by Jones[4], the statistical
properties of this distribution adequately studies. Akinsete, Famoye & Lee[5] developed Beta-
pareto and the distribution was applied to flood data set which depicted that it is unimodal and
provides a good fit to the data. Eugene, Lee, & Famoye[6] also proposed Beta-normal
distribution and studied its statistical properties. ldowu, lkegwu & Emmanuel[7] derived Beta-
weighted weibull and Miroslav and Nadarajah[8] developed new lifetime distribution, its
statistical properties were derived and comparison is made with some selected lifetime
distributions. In this research, the mixture model is derived using the mixing proportion that led
to the derivation of Hyper halfnormal distribution. If X~N(0,6?), then Z = |X| follows Halfnormal

which folds at mean of normal (0, o). Let X,~N(0,6%,) and X,~N(0,5",) where X, and X,
follow halfnormal distribution and we use the convolution of the random variable X, and X, to

form the convoluted distribution called Hyper halfnormal distribution (HHND); the beta version
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of this convoluted distribution was latter obtained called Beta-hyper halfnormal distribution
(BHHD) using Logit of beta function in order to improve the flexibility of HHND in modeling
lifetime data. Finally the derived convoluted distribution BHHND and HHND were fitted to
lifetime data (collected by Aarset[9])) and compared with Halnormal distribution using (HND)

using performance criteria.

1.1 Derivation of HyperHalfNormal Distribution(HHND)

Given that f(x; o) = ”‘: e"% x>0 and F(x;o) = erf(%) are the pdf and cdf

o T Ty

of Halfnormal distribution respectively, then the Hyper halfnormal distribution can be viewed as:
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fump (x 6) = Ly p;
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When p + g =1, then the pdf becomes 1)
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The (1) and (2) above are the pdf and cdf of HyperHalfNormal Distribution
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Figl: PDF, CDF, Reliability and Hazard Function of Hyper halfnormal Distribution (HHND) at

different parameters value

This article is an open access article distributed under

the terms and conditions of the Creative Commons Attribution- 139
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

Basrah Journal of Science Vol. 38 (2),131-156, 2020

From the plots in Figl, we can conclude that the HyperHalfNormal Distribution (HHND) is
heavily tailed and skewed, the additional parameter increased the flexibility of the model
exceeding beyond the scope of HalfNormal. It can be used to model non-normal data.

3.1 Derivation of Beta-HyperHalfNormal Distribution

From logit of beta by Jones[4], the mixture of Beta-hyper halfnormal distribution can be
obtained. Let X be a random variable from the distribution with parameters as defined by Jones

as shown by (16).

9(x) = 57055 (6] 1 = ()] g(x) (16)

] .- ]

Where g'[:x‘l 7y, Cr::] = pﬁ E_ZIL_E + q Wi
1 Ve

—— 22 and Glx;0y,0,) =
o

perf[ ) + gerf ( ] are the pdf and cdf of Hyper halfnormal distribution respectively.

Then the Beta-hyper halfnormal Distribution is obtained by using (16) are shown by (17).
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1
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By following the approach of incomplete beta function, which states B(x;o,p) =

[x5t(1—x)¥1.  From  this  expression ~we can  conclude that
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e jDP“ M1-p)y1tdz = Tﬂb} = Ip(a, b) , where Ip(a, b) is the regularized

incomplete beta function and P is the cdf of the parent distribution.
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Therefore (26) and (30) are the pdf and cdf of Beta-HyperHalfNormal Distribution respectively
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3.2 Moment

According to Cordeiro and De castro[10], the moment generating function of ¥ generated beta

distribution is display as (32)

M () = 575 T (-0 (P et - 1) (23)

Where p(t,7) = [ e™[F(x)]" f(x)dx (24)

M (0) = 2 T (1) (O] ) [ e FOIT F(x)dx (25)
M) = s B ) (O] ) 5 e [perf (255) + aerf (Z5)] p e ™ +
Ef?e_%dx

(26)

When a =b=i=1 |, the mgf of BHHND becomes the mgf of the parent distribution

(HyperHalfNormal).
3.3 Maximum Likelihood Method

From the method developed by Cordeiro & De Castro[10] for beta-generated family; the

loglikelihood estimation method for parameter, 8 = (a, b,c,7), estimation, where 7 is the

parameter vector of the baseline distribution.
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The generalized distribution reduces to the class of beta generated distribution when c=1, and the

parameter vector 8 now § = (a.b,0y,0,) .
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1p) =
—nlog[B(a,b)] + X, logf(x,7) + (a— 1) Xy logF (x,7) + (b — 1) Eiey log (1-

F(x.1))

(28)

By making necessary substitution, (28) becomes (29).
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The parameter &, b, ; and &, can be obtained using the numerical method (Newton Raphson

Method) and fisher information matrix can be used to test hypothesis about the significant of the

additional parameters.

3.4 Plot of Beta-Hyper-halfnormal Distribution (BHHND)
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Fig2 : PDF, CDF, Reliability and Hazard Function of Beta-HyperHalfNormal Distribution
(BHHND) at different parameters value

From the plots in Fig 2, the plot of PDF shows that the BHHND is heavily tailed, skewed
and has mode. Its hazard plot showed that the BHHND has bathtube hazard. It can therefore be
used to model processes with bathtube hazard function, skewed and or heavily tailed.

4.1 Application of Hyper-halfnormal Distribution (HHND) and Beta-hyper halfnormal
Distribution (BHHND)

Consider the data set presented by Aarset[9]. The data describe lifetimes of 50 industrial devices
put on life test at time zero. The data from Aarset[9] is shown below. This data is used in this
research and BHHND, HHND and HND are fitted to the data.

0.1,021,1,111,23,6,7,11,12,18,18,18,18,18,21,32,36,40,45,46,47,50,55,60,63,63,67,67,67,6 7
72,75,79,82,82,83,84,84,84,85,85,85,85,85,86,86
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4.1.1 Accessing Distributionof the Data

Histogram of the Data

12

10

Freguency

Fig 3: Accessing the distribution of the lifetime data

From Fig 3 above, we can say that the data is non-normal and the distribution of the data is
approximately U-shape, therefore the process that generated the data can be modeled using
hybrid Beta-hyper-halfnormal Distribution (BHHND). Since the model is said to have bathtube

hazard, then BHHND is a suitable model for the data.
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Table 1: Fitting Halfnormal Distribution (HND), HHND and BHHND to the lifetime Data

Parameter p = 0.4, | HHND BHHND HND
=0.6
o, 0.02059014(0.00224717) | 0.1187801(0.031952) | 56.070(4.194 )
o, 1.07785600(0.39998258) | 6.00(0.2298813)
a 4.555746e-03
(1.109552¢-05)
b 2.2011
(8.390270e-03)
W = 12.06639 W =111.0877
Coefficient of CV = 0.8375417 CV =0.7559289
Variation

From Table 1 above, the parameter of the model is estimated and the coefficient of
variation of HHND is greater that the coefficient of variation of HND. The distribution (HHND)

is the hyper version of Halfnormal Distribution because its coefficient of variation is larger than

that of HalfNormal. The definition of Hyper halfnormal depends on the prevailing value of p and

g (mixing proportion). For q > p, the distribution is Hyper halfnormal and it is Hypo-halfnormal

if otherwise.

4.2 WALD TEST: Test for Significance of @and b in the Model

Hypothesis

Ho: a=b=0 ,a=0.05
Hiia # b #0

Decision Rule:

Accept Ho if w <2 qu ,otherwise do not accept
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g is the number of parameters in the model or the number of rows of the variance-covariance

matrix

Xg~,atq=4,is9.49

Decision

Since the w (111.0877) > ;{qz, then we have statistical reason not to accept Ho and conclude that

the shape parameter & and b contributed significantly to the modeling behavior or efficiency of

the hybrid BHHND model. The parameters have increased the flexibility of BHHND over
HHND in modeling data with bathtub distribution.

4.2.2 Test for Significance of &; in the Model (HHND)

Hypothesis

Ho: & =0 ,a = 0.05
Hi:a; #0
Xg o, atq=2,is5.99

Decision

Since the w (12.06639) > ;.;qz, then we have statistical reason not to accept Ho and conclude that

the shape parameter &; has also contributed significantly to the modeling efficiency of the

hybrid HHND model. The parameters have increased the flexibility of HHND over HND in

modeling data with heavily tailed distribution (Non-normal data).
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Fitting HHND to Lifetime Data (p= 0.4, q=0.6, 51=0.02059014,52=1.07785600)
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Fig 4: Plot of HHND at the estimated parameter values.

From Fig. 4 above, we can deduce that the hazard curve is not bathtub, thus making hybrid
HHND unsuitable model as compared to distribution with bathtub hazard (BHHND) when fitted
to data with bathtub distribution (Lifetime Data)

Fitting BHHND to Lifetime Data

Hazard Function

Oe+00 2807 4e-07 6e07 Be07

From Fig. 5 above, we can conclude that the BHHND fit the lifetime data the most as

compared to hybrid HHND. This is because the hazard plot models the distribution of the
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data.

4.3 Conclusions

It has been established that BHHND provides a better fit to lifetime data with bathtube
hazard as compared to HNND and HND and for g > p, we have hyper-halfnormal distribution
which has its coefficient of variation greater than that of HND. HHND is found to be
unimodal, heavily tailed with bathtube hazard and this has increased its flexibility in capturing

lifetime data reasonably well.
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