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Abstract

This paper is defined and studied a new r-th powers of rational Bernstein
polynomials. The convergence theorem, the recurrence relation for the m-th order
moment, and the Voronovskaya-type asymptotic formula for these polynomials in
ordinary approximation are given. Also, a numerical example for these polynomials is
applied to approximate the test function sin 10x € ¢[0,1]. The results obtained from this
example are shown that these polynomials are given better than the corresponding
numerical results for the classical Bernstein polynomials and the square rational
Bernstein polynomials. The comparison is done by plot the graphs of the function and
its approximations as well as the evaluation of the average absolute errors for these

approximations.
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1. Introduction

For f € C[0,1], the well-known m-th order of Bernstein polynomials of the function f is

defined as:
B0 = Y buar (4),
k=0

where b, . (x) = (Z) x*(1 — x)** and x € [0,1].

In 2009, Pitul and Sablonniere are defined and studied a new family of univariate rational

Bernstein polynomials defined as [6]

R o f (X1 ) Wk by e (x
R,(f;x) = Zk—on{(l n,k) ke D ge ()
j=0 Wn,j bn—l,j(x)

the weights of the denominator are assumed to be strictly positive while the weights w,, , and the

,fE€C[01],n>1,

abscissae x,, , of the numerator satisfy the following relations:
M_/n,j = %Wn,j—l + (1 - i) Wn j for 1 <j<n-1

K Wnkot - fWn k1 fori<k<n-1

n Wnr | kwpgoi+(n—K)wp
After that, many researchers have been interested in the sequences of linear positive operators of
rational polynomials. Please see [8] and [5]. In 2014, Render has discussed some convergence
properties and error estimates of rational Bernstein polynomials in the general case [7].In 2017,

Gavrea and lvan have defined the square Bernstein polynomials as [3]:

tobZe)f ()

2 )
k=0 bn,k (x)

By2(f3x) = n=12,..

where b2, (x) = (b))

In 2019, Holhos proved the VVoronovskaya-type asymptotic formula for squared Bernstein
polynomials. [4]

This paper defines a new rational Bernstein polynomial of r-th power as follows:

For f € C[0,1] and r € N == {1,2, ... }, the r-th power B, ,.(f; x) is defined

k=0 brrl,k (x)f (%)
k=0 br i (%)
Clearly, B, 1 (f; x) = B,(f; x)
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Here, the convergence theorem, the m-th order moment, and the VVoronovskaya-type asymptotic
formula for the polynomials B,, -(f; x) are given. re, we assume that M is a constant not has the
same value in different cases.
2. Preliminary Results

Some primary results relative to the r-th power of rational Bernstein polynomials are given
in this section.
Lemma 2.1

For r € N, the function by, , (x) has the following:

(i) x(1—x) (b)) = (rk — )bl (x);

xrk

. 3 (=mp)"
(”) ;{l=0 b‘l"’;,k(x) - (1 - x)rn 2=0 (k|)‘r' (_1+x)rk'

Proof.
The proof of the consequence (i) is going as:

(b;;,k(x)) = rb} .t (x) ( ) (kx*=1(1 — )™k + x*(n — k) (=1)(1 — x)" k1)
bzt (0 (1) 2471 (1 = 0m 1 (k = )

Hence, x(1 —x) (b (x)) = (rk — rx)b (x).

The proof of the consequence (ii) is doing by the direct evaluation as follows:

> siac0 = 3 ()i

It _ _ _ r Tk
-1+ Z <n(n Dn-2).(n—k+ 1)) v i - )

k!
k=1

.| i n"(n—1)7" x* n(n—1)"(n—-2)" x%
= (1_X) _1+7’l (1—X)r+ (2[)7’ (1_x)2r+ (3[)1’ (1_x)37'+”.

XTTL
e

B . X (—-n)"(—n+1)"  x?7
== ll R B L ¢} R e e v
()" (—n+D"(—n+2)" %% x™
" @Y7 Civor Ao
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Therefore,

oo O ()T Xk
;bn,k(x) - (1_x) (k!)r (—1+x)”" u

k=0

For m € N°, we define Qy, ,, (x) of the polynomials B, ,-(f; x) as follow:
=0 k" br i (%)

k=0 bni(x)

Qnm(x) =

Lemma 2.2

For m € N°.The function Qj, ,,(x) has the following recurrence relation

1-
Qi) = 22 (01,n()) + Qi (040

(n+Dr-1)x + i-r

Where Qy, o(x) = 1and Q1 (x) = — p—
Proof.
By direct evaluation one has

((n+1)r—1)x+1—r

erl,o(x) =1, Q£,1(X) =

™m 2rn
Now,
r ’_ ;<l=0 kmb;;,k(x) ,
(Qn’m(x)) _< ;cl=0brrz,k(x) >
7 B0 B0 B KD (i) 7 B K™D (0) B b () (buk ()
) (Zk 0 nk(x)) Q=0 bn i (x))?

x(1-2) (Qhm))
Bk 0x( ) (i)
b )
7 Do K™ imo bl (0x(1 = ) (b @)
(B0 bl (1))
we have x(1 — ) (b () = (k = n2)by ()

T Yk= okm(k—nx)b k(x)_r22=okmb£k(x)2 —o(k — nx)by  (x)
k 0 nk(x) (Zk 0 nk(x))z

x(1 -2 (Qhm(0) =
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T Y=o k™ by 1 (%) Yik=0 K™ by (x)
= —rnx
k=0 by e () k=0 D (%)
_ r Zﬁ:o kmbrrz,k (x) Z?:o kbrrl,k (x) _ nx ZZ:O brrl,k (x)
k=0 b1 1 (%) k=0 by e () k=0 D (%)
x(1 =) (Qhm(®)) = TQhmas(¥) = TQhm(X)Qh1 ().
Hence,

erl,m+1(x) =

x(1-x)
T

(05 (0) + Q@ Qs ().

Lemma 2.3
(i)  By,(L,x)=1,

.. . _ (m+1D)r-1) 1-r .
(i) Bp,(tx)= — X + — + o(1); ( )
(n+1)2r2=3(n+1)r+2 (n+1)r2—(2n+3)r+2 (1-7)2
(iii) B, (t%x) = ( —- e = 4r2:12 + 0(1);
(iV) Bn,r(tm; X) = ((n+1)r—1)! XMy m@m-r)  ((n+1)r-1)! Xm-1 4 TLP ().

rMam((n+1)r-m-1)! 2 rmam((n+1)r-m)!
Proof.
The consequence (i) holds immediately by the direct computations. The consequence (ii)

claims by using Maple software, from Lemma 2.2, the consequences (iii) hold, Finally, (iv)
using indction on m, the general relation gets immediate. m

Lemma 2.4
For, x € [0,1] and s € N, there exist the polynomials g; ; ;(x)independent of n and k
such that

S
(=0 (0,00) = Y ik = ) (OB GO,
2i+jss
i,j=0
Proof.
If x = 0 or x = 1, then the relation is true.

For x € (0,1) the proof is doing by induction on s. The relation is true for s = 1. Suppose that

the relation is true for s. Then,

(s+1)  dst1 d ©
(b;’k(x)) = dxsti {br ()} = a{(bflk(x)) }
n\" , _
- (k) Z n*i(rk — rnx) T (—jr g s ()T (L = )RS
2i+j<s
i,j=0
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(
T . '
+ (Z) ) z n'(rk — rnx)](qi”j's(x))xrk—s(l _ x)rn—rk—s
2i+j<s
\ .j20
;
r j .
+ (Z) 4 Z n*(rk — rnx)](CIi,j,S(x))[(Tk _ S)xrk—s—l(l _ x)rn—rk—s
2i+j<s
\ i.j20

+x™*=S(rn —rk — s)(-1)(1 — x)rn‘”“s‘l]l

J
( 1

ni“(rk _ rnx)f_l(—jr Qi,j,s (x))xrk—S(l _ x)rn—rk—s }

2i+j<s
i,j=0 }
( A
n\" . '
+ (k) 4 Z nt(rk — rnx)l(ql{’j's(x))xrk—sm _ x)rn—rk—s
2i+jss
\ i,j=0
f
n\" . _
+ (k) ) z n'(rk — rnx) 1 (q; ;s (0))x™ 51 = x) RS
2i+jss
\ i.j20
Hence,
(s+1) ' .
xG+HD (1 — x)6+D (b,rl,k (x)) = Z ni(rk — rnx)) q g4 GODL L (X) 1.
2i+j<s+1
i,j=0

Therelationistruefors + 1. m
For m € N°, the m-th order moment T;. ,,, (x) for the polynomials B, - is defined as

k m
Tl_ b; LA
T n(x) = By ((t— )™ x) = Yik=0 n,k(z)r (r(lx) x)
k=0"nk

Lemma 2.5

The function Ty ,, (x) has the following recurrence relation

x(1—x)
™

T 1 () = ((Tntm<x>)' + mT;m_1<x>) + T (T4 (), m € N
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(1-r)(1—-2x)

where Ty (x) = 1, and Ty (x) = ——

Proof.

Clearly, T, (x) = 1, and T (x) = S22 Then,

(Trm@0)

m

S Bl (1) Sz Bl (1) ((—Dm (%- x)m_1> + T bl (0) Do (01 0)) ()

(Zk =0"n, k(x))

 Noobi ) (E = %) oo (b))
(Tt b 0))°

m m

04 (bﬁk(x)) (=) Zhoobhuto (k%) 2 (bhat))
| i (%) (ZReo b7 ()
x(1—x) <(Tr7lﬂm(x))l + mT;,m—lO‘))
tox(1 -0 (i) (E-2)"

k=0 b 1 (x)

Noba0) (B %) Shex(t - ) (b))
(Zhoo b))

m+1 m

_m Y=o bnjc (%) (% - x) m k=0 bn i (x) (% - X) k=0 bn 1 () (% - x)
} =0 bnic(*) (Soo b ()’

x(1 - x) ((T,:mcx))' + mT;,m_l(x)) = T 1 () = TN (T3 (3)

™m

T s (1) = 222 ((Tﬁ.m(x))' + mTsz_loc)) + T (DT (). m

Using the recurrence relation above and the direct evaluations, one has
x(1—x) N (r—Dx(1-x) N (1-2x)%2(1—-1r)?

)

Trf,z (x) =

Lemma 2.6

™m r2n? 4r2n2
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The order of the above moment is 77, (x) = ((rn) = ]) vx € [0,1], where [m_“]

the integer part of mTH .
Proof.

From the values of T o(x) =1 =0 ((rn)"[ﬂ) =0(1)

(1-r)(1-2x)
2rn

Tpq(x) = ~ 0((rn)~1). The relation above holds.

Suppose that the relation be true for m, show it true form + 1
_[m_ﬂ] - _[m_ﬂ]
™Tymer (X) =0 ((rn) 2 ) + 0 ((rn) 2 ) + 0 ((rn) 2 )

0 ((rn)_[mTﬂ]) if m is odd
rnT771ﬂ,m+1 (x) = m
0 ((rn)_[7]) ,if mis even

) (rn)~10 ((rn)_[mTﬂ]) if m is odd ((rn) -5 3]) if m is odd
TTTL',m+ xX) = m = m-2 )
' (rm)~ 10 ((rn)_[T]) Jifmiseven (0O ((rn) [T]) ,if m is even

=0 ((rn)_[mTH]) ((rn) [(m+1)+1]> isholdform+ 1. m

3. Main Results
The convergence theorem and the VVoronovskaya-type asymptotic formula for the

polynomials B,, -(f; x) are given in this section.

3.1 Theorem (Korovkin Theorem)

If f € C[0,1], exists and continuous and x € [0,1], then
lim By, (£ (£); ) = £ (x).
Proof.

From Lemma 2.3, the proof of this theorem holds. m

3.2 Theorem ( Voronovskaya-type asymptotic formula)
Let f € C[0,1] and x € (0,1), if f” exists, the polynomials B, .(f,x) satisfy the

asymptotic relation:

This article is an open access article distributed under

the terms and conditions of the Creative Commons Attribution- 186
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

Basrah Journal of Science Vol. 39(2),179-191, 2021

1-nN(1-2 1—
Tim B, (F,3) ~ () =B i e 2" 2F )

Proof.

By Taylor's expansion, one has

f@®) =fl)+ £ —x) +J¥(t —x)% + e(t, ) (t — x)?

where £(t,x) - 0 as t — x. Therefore,

Bn,r (f(t): x)

= f(X)Bpr(1;x) + f'(X) By, ((S - x) ; x) + %f”(x)Bn_r <(§ —~ x)z ;x)

o (e (50) (E-) )

Then,
& k Nk
(B (f32) — FGO) = NI GOF () + TG0 oo 4 ( By (e (>x) (= - x) ;x>
1- 1-2
nl_l)rogl n{B,,(f;x) — f(x)} = Tlll_r)glon< ( rz)in X)>f'(x)
© lim n ((1 —1)2(1 — 2x)? N r—1Dx(1-x) N x(1 - x))f”(x)
n—-oo 4r2n? r2n? ™m 2!

im (80 e(£.) (E-)
+n1_1)1c}on (€ ;,x H—x P X

1-1(1-2x) x(1—x)f"(x) k k 2
- 2r o+ ———= +rllll?o"<3"”(e(£’x)(£_x> ”C)'

Now,

IWACRICE

where e(t,x) > 0ast — x.

k=0 b1 (x) <|‘S (%,x)| (% B x)2>

k=0 brrl,k (x)

n

Now, given € > 0 3§ > 0 such that either 0 < |§—x| <§- |£(E,x)| <eg

e (5) (=)’
Tl| Bn,r(g(t: x)(t — x)Z; X)l
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Z|§_x|<6 bﬁ,k(x)
n

<n

)y

Z|5_x|25 brrl,k(x)
n

2

()

k=0 by e ()
< neTy ,(x) + nO((nr)™")vy >0

= o(1) since ¢ is arbitrary.

Hence lim n B, ,. <s (Sx) (S— x)z; x) —>0asn - oo.m

n—-oo

4. Numerical Example.

This example compares among the polynomials, B,(g; x) = B, 1(g;x) (brown color),
B, 2(g; x) (blue color), B, 3(g; x) (red color), B, 5(g;x) (green color) and the test function is

g(t) =sin10t € C[0,1] (black color). Also,

Y olBnr(gix)—-g(x
m

i)l, for some values of n = 50,100 and x; € [0,1],i = 0,1,..m

k=0 bwrz,k (x)

evaluates the average absolute errors

1,2,3,5. It turns out that, the numerical results become more accurate whenever r increases.

n=>50,r=1,235

n=>50,r=1,2,3,5

Fig. 1: The convergence of the polynomials B, 1, B, », By, 3, By, 5 t0 the test function g
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0.251

0.251
0.201

0.20+
0.151

0.154

y
y
0.10‘] 0.101
0.05- 0.051
0 T T T T 1 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

n =100, =1,2,3,5

n=>50r=1235

Fig. 2: The graph of average error functions |Bn,r — g|,r =1,2,3,5.
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Table 1: The average absolute errors of Zﬁ‘]lB"'r(fr;x")_g(x")l,xi € [0,1] and |x; — x;44] = 0.1.
T n =50 n =100
1 0.08860203574 0.04643920283
2 0.05094378977 0.02585223416
3 0.03897204886 0.01956340062
5 0.02910692553 0.01445737662

Conclusions

This study is a generalization of some well-known sequences of linear positive operators

which are deduced as a special case from the r-th powers of the rational Bernstein polynomials.

Also, the study gives a numerical example which is shown the numerical convergence of the

polynomials B, . (f; x) to the test function. This numerical convergence shows by the graphs of

the B, ,(f;x) with the function f(x). The numerical results appeared that numerical results

became more accurate whenever r increase.
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