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Keywords This study introduced and investigated a modification of the Szasz
Ordinary sequence in double sums with one variable. This sequence's recurrence
approximation, relation for the m-th order moment, convergence theorem, and

Voronovskaya-type, Voronovskaya-type asymptotic theorem in ordinary approximation are

asymptotic formula, investigated. A numerical example is also provided to demonstrate the
linear positive approximation of the chosen test function by this modification
operators, Szasz sequence, and the numerical results are compared to the numerical
sequence. results of the classical Szasz sequence. It turns out that the results

achieved from the modification sequence are superior to those

obtained from the classical sequence.
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1. Introduction

In 1950, the well-known classical sequence of Szasz is defined as [1]:

N k
Ma(fi) = ) quiCOf (), &
k=0
where, gy, (x): = iﬁ?}:

In 1969, Jakimovski and Leviatan modified the Sazsz sequence using the Apple polynomials called
the Szasz-Jakimovski-Leviatan sequence [2].In 1974, the Szasz-Jakimovski-Leviatan sequence is

generalized by using Sheffer polynomials [3]. In 1988, to establish a summation-integral type on

the space of integrable functions on [0, o) suggest a series of modified Sazsz operators [4]. In
1994-1997, Ciup provides and establishes a few approximation properties for the operators (1); for
additional information, see [5-6]. In 2020, the Szasz sequence is generalized using a multiple of

Sheffer polynomials [7]. For more details see [8-11]. For a function h € C,[0, ) :=

{ h € C[0,); |h(t)] < Me“ for some a > 0} and s > —%, the sequence G, s(h; x) is defined

as:
SR 1 k+j
Gps(h; X) = 2 2 h (x F (=2 x)) S, (x) @)
k=0 j=0
()™
where, S;,(x) = eflx]dj,.

2. Preliminary Results

some lemmas that are used in the main results are introduced and proven. The first lemma shows

that the relationship between S; . (x) and S';  (x).

Lemma 2.1.

()"
2

enxkljl

For n € N the function S; x (x) = possesses the following property:
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k+j
2570 = (=L = %) 80, 3)
Proof.

Using the derivative for S, (x) for x,

nx k+j-1 nx k+j
Sf(x)—-z(k-+')gzzz————e_nx—-ne‘"xgzzz——
X = T T k!
X k+j
257, ) = (T—x)sj,k(x). .

For m € N° = N U {0} , the moment of the sequence G, s(h; x) from the order, m-th is defined

as:

=3 Y 50 (ni (- x))m )
k=07=0

Lemma 2.2.

vm € N°, The recurrence relation for the function T, ,,(x) is as follows:

T () =~ (nﬂ T () + T,:,m(x)). (5)

Proof.

Derive both sides of the equation (4) about x, one gets

from Lemma 2.1, one has

Tn,m+1(x) = ns% (m Tn,m—l(x) + Tr,l,m(x))-.

ns
The next lemma contains some properties of the sequence G, s(.; x).
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Lemma 2.3.
Suppose that h(t) = t™,m € N, then the following properties are held:
(i) Gn,s(l;x) =1;

(i)  Gps(tx) =x;

x
n2s+1’

(i) Gpo(t%x) = x* +

(iv)  Gps(t™x) = Cix™ 4+ Cox™ P+ T.L.P.(x),vm € N?,

where,
m i ,
. m (ns _ 1)m—l i
Cy = Zo(l);) nsm (f)'
1= =
and
m i . ) s m—i
C'_Z (i—-O—-2-1D)+L¢-1)\(n*-1) (l)
AR 2 nsm+1 2
i=0 £=0
Proof.

The consequence (i) is held immediately from (2), and (ii) is proved as follows,

Gn,s(t;x) = i i <x + %(% - x)) Sj,k(x)
AL T

In (iii) using the same way (ii), one has

Gas(£%3) = i i (x + (B x))z k(0)

j=0 k=0
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=x% 4+

n25+1

Now, in the same way, one can prove the consequence (iv) immediately.

Gps(t™ x) = ii <x + % (? - x))m S r(x)

= n:mi i ((nS —1Dx + ﬂ) Sj e (x)
j=0k=0
EOYHICEREEO NN CIERS
=Y ()Y )
i=0 =0
N 2 ; <(i —0)(i-4 —2 1) +2(£— 1)) (nsn:m1+)1m—i (}) -
+T.L.P.(x). =

3. Main Results

First, the convergent theorem for the sequence in (3.1) is proved, i.e.,
Gp,s(h(t); x) = h(x) asn — oo.

Theorem 3.1.

For x € [0, 00) there exist a continuous function h € C[0, o) such that

lim G, ;(h(t); x) = h(x) (8)
n—oo
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Proof.

From Lemma 2.3, the proof is completed. [
The next result is the Voronovskaya-type asymptotic formula for the sequence G, s(.; x).
Theorem 3.2.

Let h € C[0, o0) with k"’ is existed and continuous, then
X
lim n?*1G, (((h(); x) — h(x)) = Eh”(x). (9)
n—-oo

Proof.
By using Taylor's expansion, one has:

a2
h(t) =h(x)+h' (x)(t—x)+ h"(x) % + e(t, x)(t — x)?,

where e(t,x) > 0 ast - x .
Grs(h(8); x) = Gy s(h(x); %) + Gp s (R (X)(t — x); x)

(t—x)7*

+Gp s <h”(x) 5 ,x> + Gp(e(t, x)(t — x)?, x).

Then,

n2s+1 @ + Gn(g(t; X)(t — x)z; X)

Gn,s(h(t); x) = h(x) +

lim 72516, o((A(8); ) = h(x)) = 5 RGO + lim 125416, o(2(6, 0)( = 1% 0)

find 1111—I>Iolo n*$*1G, o(e(t, x)(t — x)?%; x) required,

G5 (e(t, 0) (¢ — 0)% x) = e(t; ) (t — %)%, (x)
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n®*t1|G, o (e(t, x)(t — x)%; x)| < n?s*1 Z Z Si () le(t; )|t — x)?
k=0 j=0

= p2st+l Z Z Sjk (et 0)(t — x)* +n**1 Z Z Six (et 1) (¢ — x)?

k+j
n

k+j_
n

x|<6 —x‘zé‘
= E1 + Ez.
For each € > 0 there exists § > 0 such that:

By =12 5, (e 0l - 107 < n e, (0.

|k%j—x|<5

Since ¢ is arbitrary one gets E; = 0.

By =121 5, (0le(t 0t = 1)?

|k%j—x|26

<Y @l 0l - 27

By applying Schwarz inequality for summation, one has,

1 1
E, < n?*1C z z S (%) Z Z 8,0 () €29 (t — x)*
k=0 j=0 k=0 j=0
used Taylor's expansion of e*tto arrive at,
Tlll_glo n?tG, ((e(t, x)(t —x)%x) >0  asn - o, N
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Definition 3.1. [7]

For h € C,[0, ) the space of uniformly continuous with § > 0, and x € [0, ), the modulus of

continuity for the function h(x) which denoted by w(h; §) and defined as

w(6):= sup |h(x)—h()I. (10)
x,y€[0,00)
lx—y|<6

The modulus of continuity is expressed as follows:

Ih(x) — k)| < w(h; 8) (2 + 1), (12)

The error estimation of the approximation of the sequence G, ;(h; x) by using the modulus of

continuity and the norm of the functions h, h’, h" is provided by the following theorem.
Theorem 3.2.

Forn > 0, let h, hA® € C,[0,00) exists and continues on (a —n,b + n) < (0, ), for some a > 0

and 0 < g < 2 then for sufficiently large n,

2
165 Ch ) = RGOy < ™ D IR
i=0

1
tG0@ <n7; (a—mnb+ TD) +0(m™?), (12)

where C;, C, are constants independent of h and n.

Proof.

a .
h® (x) ; @ (&) — K@ (x)
h(t) = E + P

i' (t —x) (t — )% (t) + h(t, ) (1 — x(t)),

i=0
x(t) is the characteristic function of the interval(a — n, b + 1), where ¢ lies between t, x.

Fort € (a—n,b+n)and x € [a, b], one has
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q .
h® o h @) - pl@
h(t) = Z L,!(x) (t—x)'+ (E)q! =) (t —x)1.

i=0

Fort € [0,)\(a —n,b+n) and x € [a, b], g(t, x) is described by,

h®
9(6,x) = h(®) - Z D e,

i=0

Now,

Gns(hy ) = hx) = z PIETIGERIEY
v

® o q HO () '
:ZZsj,k(x)Z T (=0 = h()

2 - h@ (&) — p@ 2 -
+ 2250 D000+ Y Y 5600 9601~ #(0)

j=0k=0 j=0 k=0
= E1 + E2 + E3.

The estimation of the term E; is going as:

ii Sk )Z 0 2= o

=0 k=0 i=0
i L ii ]kooz ! (0~ h(®)
=0 j=0 k=0 £=0

and from Lemma 2.3,
IE1llcpap) < € n™|A@ ()|, uniformly on [a, b].

To estimate E, we proceed as follows:
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2 & h@ (&) = p@
'E2|<Z,Z 50 IR o

and from Definition 3.1.

o 0;(a—n,b+ t—
|E2| < ZZ Sj,1c(%) “uol (aq. b+ 1) (l 6x| + 1) |t — x|
.= k=0 .

8;(a—nb+ SR o
|E2|_a)h(q)( ( 77 77)) ZZSj,k(x)5_1|t—x|q+l ZZ ]k(x)lt_xlq ,
=0 k=0

j=0k=0

6>0

By applying Schwarz inequality for summation, one has,

1

choosing § = n" 2, we are led to.

1
”EZHC[a,b] < Gy (n—g; (a—n,b+ TI))-

since t € [0,00)/(a —n, b + n) we can choose § > 0 such that |t — x| = & for all x € [a, b].

Bl <) > Sx@ Il
j=0k=0

for [t — x| = & one can find € > 0 such that |h(t,x)| < Ce“t

and by using Taylor’s expansion of e%¢, one has

IEsllcrany = O(n™2). u
4. Numerical Example

In this example, the test function h(x) = sin(5x), in the black color is compared to the sequence
Gno(h; x) in red color, G, o5(h;x) in green color, and G, 1(hy; x) in blue color for n = 100,
actually, when n, s are increased, the approximation G, (h; x) yields more accurate numerical
results.
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h(x) G, ol ) G, o5l )

G, 1G]

5. Conclusions.

The purpose of this article is to generalize linear positive operators, which are introduced and
analyzed as a version of the Szasz sequence in double sums. The study also compares the
polynomials, G, (. ; x) to the test function. This numerical convergence is shown by the graphs of

the, G, s(.; x) with the function f (x) who is best than the classical Szasz sequence.
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